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ABSTRACT

The present study deals with the analysis of a Lotka-Volterra model describing competition between tumor
and immune cells. The model consists of differential equations with piecewise constant arguments and
based on metamodel constructed by Sepanova. Using the method of reduction to discrete equations, it is
obtained a system of difference equations from the system of differential equations. In order to get local
and global stability conditions of the positive equilibrium point of the system, we use Schur-Cohn criterion
and Lyapunov function that is constructed. Moreover, it is shown that periodic solutions occur as a
consequence of Neimark-Sacker bifurcation.
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1. INTRODUCTION

In population dynamics, the simplest and most widely used model describing the competition of
two species is of the Lotka-Volterra type. In addition, there exist numerous extensions and
generalizations of this type model in tumor growth model [1-8]. In 1995, Gatenby [1] used Lotka-
Volterra competition model describing competition between tumor cdls and normal cells for
space and other resources in an arbitrarily small volume of tissue within an organ. On the other
hand, Onofrio [2] has presented a general class of LotkaVolterra competition mode as
follows:

Ly x(f(x) = ¢(®)y),

y = BXy — nx)y + oqx) + 6(D). @

Here x and y denote tumor cell and effector cell sizes respectively. The function f(x) represents
tumor growth rates and there are many versions of this term. For example, in Gompertz mode!:
f(x) = aLog(A/x) [3], thelogistic modd: f(x) = a(1 — x/A) [4].

The metamode (1) aso includes following exponential model which has been constructed by
Stepanova[6].
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e = Bex(® —yx(Oy(, 2
y = p(x(®) — Bx(©?)y(0) — 3y()) + K,

where x and y denote tumor and T-cell densities respectively. In this model, . is the
multiplication rate of tumors, y is the rate of elimination of cancer cells by activity of T-cells, u,

represents the production of T-cells which are stimulated by tumor cells, p~' denotes the
saturation density up from which the immunological system is suppressed, 0 is the natural death
rate of T cell and K isthe natural rate of influx of T cellsfrom the primary organs[3].

Recently, it has been observed that the differentia equations with piecewise constant arguments
play an important role in modeling of biologica problems. By using a first-order linear
differential equation with piecewise constant arguments, Busenberg and Cooke [9] presented a
model to investigate vertically transmitted. Following this work, using the method of reduction to
discrete equations, many authors have analyzed various types of differentia equations with
piecewise constant arguments [10-19]. The local and global behavior of differential equation

dx(t)

gt = O — ox(®) — Box([t]) — Byx([t — 1D} 3
have been analyzed by Gurcan and Bozkurt [10]. Using the equation (3), Ozturk et a [11] have
modeled a population density of a bacteria species in a microcosm. Stability and oscillatory
characteristics of difference solutions of the equation

dx(t)

T x(O{r(1 — ax(t) = Box([tD) — Byx([t — 11)) + y1x([t]) + v2x([t — 1]} (4)

have been investigated in [12]. This equation has aso been used for modeling an early brain
tumor growth by Bozkurt [13].

In the present paper, we have modified modd (2) by adding piecewise constant arguments such
as

}X' = Uex(t) — yx(@y([tD,
y- = w(x([t]) — Bx([t]))y(t) — dy(t) + K,

where [t] denotes the integer part of t € [0, o) and all these parameters are positive.

©)

2. STABILITY ANALYSIS

In this section, we investigate local and global stability behavior of the system (5). The system
can bewritten intheinterval te [n,n + 1) as

dx
—= = (e —yy(m) ) d(),
x(t) (6)
dy _
5 (Bex(M)? + 8 — () ) y(®) =k
Integrating each equations of system (6) with respect to t on [n,t) and lettingt - n + 1, one can
obtain a system of difference equations
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x(n + 1) = x(n)eHcw®),

< (n+1) = e[!lIX(ﬂ)—BPIX(n)E—Eﬂ]lﬁ],LIX(n)zy(n) + 6y(n) — ”lx(n)y(n) - K] + K (7)
’ Bux(n)? + 8 — px(n) -

Computations give us that the positive equilibrium point of the systemis

[ AByK + (=40 + p u

1- —
®7) = VHHe He |
' 2B Y
Hereafter,
y<e gng p< tie ®
K T —AYK + 43,

The linearized system of (7) about the positive equilibrium point is w(n + 1) = Aw(n), where A
isamatrix as;

A=
v — W ABYK + (B0 + HH
1 VH/He
2B .(9)
uiyk Ko )
e Ye(—1+eFc) Jiype ~/4ByK + (—4Bd + P e—j—c
y2K
The characterigtic equation of the matrix A is
_YK _YK
POA) =N +A[-1—e #c)+e #c—
_YK YK -
e vo(=1+ eF YU JABYK + (—4B0 + p M (=1 /He + 4BYK + (—4Bd + pHe)

2Byk -(10)

Now we can determine the stability conditions of system (7) with the characteristic equation (10).
Hence, we use following theorem that is called Schur-Chon criterion.

Theorem A ([20]). The characteristic polynomial
PO = N* +piA+po (11)
has all itsroots inside the unit open disk (|A| < 1) if and only if

@p()=1+p;+p, >0,
(b) p(-1) =1—p; +py >0,
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() Dy =1+p, >0,
(d)Dy=1-py>0.

Theorem 1. The positive equilibrium point (%, ¥) of system (7) islocal asymptoticaly stable if
duZ d .

M M ngpe— e

K+ KU K —4yK + 43y

Proof. From characteristic equations (10), we have
VLS

p1=-1-e *c
_¥K

Po =€ "c—
_YK YK -
e Ye(=1+ e JABYK + (—4Bd + Pl (— /1y /i + /4BYK + (=4Bd + 1)Ke)
2ByK '
From Theorem A/awe get

YK
2Byk — (=1 + e¥e)u  JABYK + (—4B0 + U (—y/ By /He + /4BYK + (—4Bd + ppi)
2ByK '

p(1) =
It can be shown that if

— U/l + [4ByK + (—4Bd + ppue <O, (12)

then p(1) > 0. On the other hand, the inequality (12) always holds under the condition (8). When
we consider Theorem A/b and Theorem A/c with the fact (12), we have respectively

p(-1) =2+ 2e_£
YK YK
e ro(=1+ebo)uo [ABYK + (—4Bd + HHc (= /iy /ie + ABYK + (=4B0 + i) .

2Byk 0
And
i LS
D =1+e "c—
LS YK —
e Ye(=1+ e ) /4ByK + (—4Bd + (= /1y /U + /4BYK + (=4Bd + 1)Kc) -0
2Byk

From Theorem A/d, we get

_¥K YK - —
Di =e *c(—1+ eMc)(2ByK + 4ByKu + (—4B3 + uDKE — /b2 J4BVK + (—4P3 + )

By using the conditions of Theorem 1, we can also see that D7 > 0. This completes the proof.

Now we can use parameters value in Table 1 for the testing the conditions of Theorem 1. Using
these parameter values, it is observed that the postive  equilibrium
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point (X,y¥) = (7.41019,0.5599) is loca asymptotically stable where blue and red graphs
represent x(n) and y(n) population densities respectively (see Figure 1).

Table 1. Parameters values used for numerical analysis

Parameters Numerical Vaues Ref
M tumor growth parameter 0.5549 [8]
y interaction rate 1 [8]
M, tumor stimulated proliferation rate 0.00484 (8]
B inversethreshold for tumor suppression 0.00264 [8]
0 death rate 0.37451 (8]
K rate of influx 0.19

x(n) and y(n)

0 L

I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500
n

Figure 1. Graph of the iteration solution of x(n) and y(n), wherex(1) =y(1) =1

Theorem 2. Let {x(n),y(n)}p-_; be a positive solution of the system. Suppose that
He—yy(n) <0, Bx(n) —1=>0 and Bux(n)?y(n) +dy(n) —ux(n)y(n) —k <0 for n=
0,1,2,3.... Then every solution of (7) isbounded, that is,

x(n)  (0,x(0)) and y(n) (Og)

Proof. Since {x(n), y(n)}5=—; > 0and p. —yy(n) <0, we have

x(n + 1) = x(n)erc ™ < x(n).

In addition, if we use Bulx(n)zy(n) + dy(n) — px(n)y(n) —k <0 and Bx(n) —1 > 0, we have

eltX( Xy () (Bupx(n)? + 8 — wyx(n)) — K] +
ux(M(Bx(n) —1) +5

y(n+1)=
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K K
N OICOEDETRE

This completes the proof.

Theorem 3. Let the conditions of Theorem 1 hold and assume that

K
< 2ux(m(Bx(n) — 1) + 20

_ 1 .
X<— and ¥

P

If
K

HxX(MPx(n) —1) +&

x(n) > % and y(n) >

then the positive equilibrium point of the system is global asymptotically stable.

Proof. Let E = (%X,¥) is a positive equilibrium point of system (7) and we consider a Lyapunov
function V(n) defined by

V(n) =[E(n) —E].%,n=012...
The change along the solutions of the systemis
AV(n) = V(n+ 1) = V(n) = {E(h + 1) — E(n)HE(n + 1) + E(n) — 2E}.

Let A; = e —yy(n) < 0 which givesusthat y(n) > Eyi = y. If we consider first equationin (7)
with thefact x(n) > 2%, we get

AV (n) = {x(n+ 1) — x(n)H{x(n + 1) + x(n) — 2%}
= {x(n)(e?* — 1) Hx(n)eA + x(n) — 2%} < 0.

Similarly, Suppose that A, = Bu,x(n)* + & — ,x(n) > 0 which yields x(n) > % Computations
give usthat if y(n) > AL and y(n) > 27. we have
2

AV, (n) ={y(n +1) —y(n)Hy(n + 1) + y(n) — 2y}
(1 —e2)(x—y(MAy) , ,y(MA(e™2 + 1) + k(1 — e™42) — 2yA,
= { A2 :’ { Az ]f < 0

Under the conditions

_ 1 _ K
¥<2p M Y S M - D+ 2

2

we can write

1
x(n) > E > 2% and y(n) > K ¥ 2y.

A axMEXM) -1 +5
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Asaresult, we obtain AV(n) = (AV;(n),AV,(n)) <O0.

3.NEIMARK-SACKER BIFURCATION ANALYSIS

In this section, we discuss the periodic solutions of the system through Neimark-Sacker
bifurcation. This bifurcation occurs of aclosed invariant curvefrom aequilibrium point in
discrete dynamica systems, when the equilibrium point changes stability via a pair of complex
eigenvalues with unit modulus. These complex eigenvaues lead to periodic solution as a result
of limit cycle. In order to study Neimark-Sacker bifurcation we use the following theorem that is
called Schur-Cohn criterion.

Theorem B. ([20]) A pair of complex conjugate roots of equation (11) lie on the unit circle and
the other roots of equation (11) all lieinside the unit circleif and only if

@p()=1+p;+py >0,
(b) p(-1) =1-p; +py >0,
()b =1+p, >0,

(d)Dy =1-py=0.

In stability analysis, we have shown that Theorem B/a, Theorem B/b and Theorem B/c always
holds. Therefore, to determine bifurcation point we can only anayze Theorem B/d. Solving
equation d of Theorem B, we have k = 0.0635352. Furthermore, Figure 2 shows that K is the
Neimark-Sacker bifurcation point of the system with eigenvalues
12| =10.945907 + 0.324439i| = 1, where blue, and red graphs represent x(n) and
y(n) population densities respectively.

As seen in Figure 2, a stable limit cycle occurs around the positive equilibrium point at the
Neimark-Sacker bifurcation point. This limit cycle leads to periodic solution which means that
tumor and immune cell undergo oscillations (Figure 3). This oscillatory behavior has aso
occurred in continuous biological model as a result of Hopf bifurcation and has observed
clinically.

y(n)

0.1 L L L L L
0

L L L L
20 40 60 80 100 120 140 160 180 200

Figure 2. Graph of Neimark-Sacker bifurcation of system (7) for & = 0.0635352. Initial  conditions and
other parameters are the same as Figure 1
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Figure 3. Graph of the iteration solution of x(n) and y(n) for k = 0.063535. Initial  conditions and other

parameters are the same as Figure 1
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