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Stability and bifurcations analysis of a
competition model with piecewise
constant arguments

S. Kartal*' and F. Gurcan®

Communicated by E. Venturino

In this paper, we investigate local and global asymptotic stability of a positive equilibrium point of system of differential
equations
X(t)
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where t > 0, the parameters rq, kq, a1, a3, 12, ka, and d; are positive, and [t] denotes the integer part of t € [0, 00). x(t) and
y(t) represent population density for related species. Sufficient conditions are obtained for the local and global stability
of the positive equilibrium point of the corresponding difference system. We show through numerical simulations that
periodic solutions arise through Neimark-Sacker bifurcation. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

Modeling a population growth, which refers to how the number of individuals in a population increases (or decreases) with time, has
a long history. One common mathematical model is the exponential growth model (or Malthusian growth model) where the growth
rate is proportional to the size of the population [1]. Because exponential growth model is unrealistic, Verhulst developed a more
realistic population model, namely, logistic growth model [2]. On the basis of the logistic model, Lotka and Volterra presented a more
general model for competition, predation, and parasitism interactions between species [3]. In the literature, there are many versions of
Lotka-Volterra models including differential equations or difference equations [1-6].

Recently, it has been developed a new concept for modeling a population growth using differential equation with piecewise con-
stant arguments, and these equations have attracted great attention from the researchers in mathematics and biology. Differential
equations with piecewise constant arguments describe hybrid dynamical systems and combine properties of both differential and dif-
ference equations and have applications in widely expanded areas such as biomedicine, chemistry, mechanical engineering, physics,
civil engineering, aerodynamical engineering, and population dynamics.

In population dynamics, a first model including piecewise constant argument was constructed by Busenberg and Cooke [7] to inves-
tigate vertically transmitted diseases. Following this work, several authors have investigated the stability and oscillatory characteristics
of difference solutions of logistic differential equations with piecewise constant arguments [8-18]. May [8] and May and Oster [9] have
considered a simple logistic equation for a single species such as
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where r is intrinsic growth rate and K is maximum carrying capacity. They have showed that the difference solutions of the model can
be complex and chaotic for certain parameter values of r. Gopalsamy and Liu [10] have considered the differential equation

dN(t)

5 = MO —aN®) —bN(t)}, (1.2)

where N(t) represents the population density, r, a, and b are positive numbers, and [t] is the integer part of t € (0, c0) The right hand
side includes both regular and piecewise constant arguments, the second one estimates of the population growth performed at equally
spaced time intervals. They have obtained sufficient conditions for all positive solutions of the corresponding discrete dynamic system
to converge eventually to the positive equilibrium.

A more general logistic equation with piecewise constant argument

S = {1-a0 by oxi-iDf,  t=0 (1.3

dt
has been investigated by Liu and Gopalsamy [11]. They have shown that for certain special cases, solutions of the equations can have
chaotic behavior through period doubling bifurcations.
In modeling a population density of a bacteria species in a microcosm, Ozturk et al. [12] have used the differential equation

PO~ x(t11 — axtt) ~ Box(lt) — prx(it— 1)} 04
where the parameter r is the population growth rate of the bacteria population, a, B, and B are coefficients that each represents the
irregular environmental carrying capacity for a logistic population model.

Besides the aforementioned biological models, differential equations with piecewise constant arguments have also been used for
modeling tumor growth because tumor population has different dynamics properties that can be described using both differential
and difference equations. For example, proliferation of the tumor cells is arranged mitosis and needs a discrete time where tumor cells
have resting time and then again begin to proliferate. On the other hand, the growth and death of the population require a time-
continuity. From this point of view, Bozkurt [13] has modeled an early brain tumor growth using the differential equation with piecewise
constant arguments

dx(t)
dt

= X(O{r(1 — ax(t) — Box([t]) — Brx([t = 1])) + yix([t]) + v2x([t — 1]} (1.5)

and has obtained stable interval for the growth rate of tumor population, where the parameter r is the population growth rate of tumor,
a, Bo, and P, are rates for the delayed tumor volume, vy, is the drug effect on the tumor, and v, is a negative effect by the immune
system on the tumor population.

In modeling the growth of tumor, Gatenby [19] has used the Lotka-Volterra equations as

dN N r i r
1 =N, (1_%)_ 1a12'N1N2+ 10L125N1N2,

dt 1 ki ks
dN, — N5 [ 1 P 2021 N:N (1.6
at 2N2 K K 1N,

where N is the tumor population and N, is the population of normal cells from which the tumor arises. In the study of Gatenby, tumor
cells compete with normal cells for space and other resources in an arbitrarily small volume of tissue within an organ.

In the present paper, we have extended model (1.6) including discrete and continuous time situations with some extra terms to study
the global dynamics of the system of differential equations with piecewise constant arguments such as

& =rxo (1= 1) —axome - 1) + aaxtoy(,

(1.7)
d
¥ =y (1= %) + anyox(te— 1)~ cay(ox(e) -y

where t > 0, the parameters ry, kq, aq, a3, 12, ky, and dy are positive, and [t] denotes the integer part of t € [0, 00). x(t) and y(t)
represent population density for related species. The system is based on Lotka-Volterra competition-like model that is often used in
population dynamics.

The paper is organized as follows. In Section 2, we investigate discrete solutions of the system and obtain second-order discrete
dynamical system. To obtain sufficient conditions for the local and global stability of the system, we use Schur-Cohn criterion and a
Lyapunov function. In Section 3, we determine the Neimark-Sacker bifurcation point for the system using Schur-Cohn criterion.
|
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2. Local and global stability analysis

We can write system (1.7) on an interval of the form t € [n,n 4 1) as follows

B~ ary(n— 1) + cay(Mx(®) = —rKs (x(©))?
3t (2.1
dit’ {4 arx(n — 1) — apx(n) — di y(t) = —rKs (y (1),

where k17 = Ky, kiz = K. By solving each equation of the system (2.1), which is a Bernoulli differential equation, and lettingt — n + 1,
we obtain a system of second-order difference equations as

x(n)(r —oqy(n — 1) + axy(n))

Xt ey = 1) + aay(n) — riKax(m)e e T Kx() 22
(+1)= y(n)(r2 + aix(n — 1) —ax(n) —dq) '
Y (r2 + a1x(n — 1) — ax(n) — di — Ky (n))e=(ztexn=n—azx(m=d) 4 1,Kyy(n)’
Now, we need to determine an equilibrium point to investigate global behavior of the difference system. If
— r,—d
oy >0y, rh>dy and r > W, (2.3)
212
then we get a positive equilibrium point of system (2.2) such as
_ Kariry + (a2 —aq)(ra — dy) Kirq(rp —dy) + ri(ag —ap)
xy) = (2.4)
' Kikorir, + (o1 —a2)2 " KiKaryry + (a — 02)? '
The linearized system of (2.2) about (x,y) is w(n + 1) = Bw(n) where B is a matrix
—Kan o (1—e™ %) q, _(1 —e~KIn¥) o
K1 I K1 g
B — 1 0 0 0
~ (1 _ e—Kzrzy) o (1 _ e—Kzl’zY) o —tansy 0
Kara Kara
0 0 1 0
The characteristic equation of the matrix B is
— — — — az — —
— _a—Kinx _ g—Karzy —Rary—Kinx _ o finx _ o fany
p(X)—X4+X3(eK e K )+XZeK Kinx 2 (1 e K )(1 e K )
KirKar, 2.5)

2
+)\ —20102 (1 _ e—Kmi) (1 _ e—Kzer) + (1 _ e—Kmi) (1 _ e—Kzrz)_') & .
K1 r Kzl’z K1 8] K2r2

To determine stability conditions of discrete system, we can use the following Schur-Cohn criterion.

Theorem A ([20])
The characteristic polynomial

p(A) = A* + p3A® + paA? + p1h + po,

has all its roots inside the unit open disk (|A| < 1) if and only if

(@ p(1) > 0and p(-1) > 0,

(b) D1+ =14po>0andDy =1—-po >0,

(©) DI = (1= po)(1 + Po)(Pz2 + 1+ Po) + (PoP3 — P1)(P3 + P1) > O,

(d) D3 = (1—=po)*(1 + po — P2) + (PoP3 — P1)(p1 — P3) > 0.
Theorem 2.1

Let (X, y) the positive equilibrium point of system (2.2) and

ay —ay)(r,—d oy — o

(o 2)2(2 1)<K2<(1 2).

r2 Iy
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The positive equilibrium point of the system is local asymptotically stable if

2 r r
o as (2e" + 1) (e" —1 o —a
<t <In{—) and 1(2e" +1)( )<K1< 12
20L2 r K2 r2e2’1 M

Proof
From characteristic equation (2.5), we can write

2

py = —e KINX _gkeny ) gKersy—KinX | (1 _e ki r1>?) (1 _ e—Kzrzy) e B
K1 r K2r2
—Kyrx —Karpy —20102 —Kirx —Karoy OL%
p1:(1—e “)(1—e “)7, p0:<1—e ”)(1—e “)7.
KirKara KirKara

By Theorem A(a), we have

2
1) = (1 e*nx) (1= e=kny) (L9274
P() ( N )( ¢ ) ( KiriKars + ~

p(—=1) = (1 - e_K””_‘) (1 —e_Kzfz)_/) (7(&1 + OLZ)Z) + (1 + e_K‘”i) (1 + e_Klfzy) > 0.

K] r K2 ry

It can be easily seen that (a) always holds. Analyzing Theorem A(b), we get

2

. - a
DF =1 (1 - e_K‘”") (1 — e—"ﬂzy) _4 oy, 26
! * KiriKar, (26
- - az
D =1- (1 —e ”X) (1 - e*Kmy) % o 2.7)
K1 r Kzrz

It is obvious that equation (2.6) always exists. If

oy o , (2.8)
aT — K1 r Kzrz
then (2.7) holds, where
2
o
K L (2.9)
rikars

From Theorem A(c), we hold

} 2
o = {1+ (1 - e_Km;) (1 - e_Kmy) ) (1- (1 - e—Kmi) (1 —e_Kzfz)?) 4
K1 r Kzrz K1 2 Kzfz
2 2
x (1 eTrTmnE L (7 - TR (1 - o) o +of
KyriKarp ( )
X y 2.10
( —Kirix —Karay u%e_Kmx — 20405 + a%e_KZ’ZV
+ (1 —e ) (1 —e )
KiriKara

x [ e~ Kinx + e Ker2y + (1 _ e—Kmi) (1 _ e—Kzfzy) 2002 >0
KiriKara

It is shown that (2.10) holds if

aZe X _2gya; > 0. .11

If we consider (2.11) with a; > 2a;, then we have

rn <lIn (OL) . (2.12)
20[2

. ______________________________________________________________________________________________________|
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Analyzing (d) of Theorem A, we have

2
D= — 1_( _Kmx)< —K;rzy) 24 (1_ e—Kzrzy—Kmi)
} Kir Kar,

2 —Kirix —Kar2y _ _ _
1— —Kzrzy a3 (e +e ) 20L10L2) (1 _ e—K1 r1x) (e—Kw rx + e—Kzrzy)

( KiriKarz

_\ 2 az 2 _ _
1— —K1 r1x (—I _ e—Kzrzy) 1 (—I _ e—Kzrzy—Kmx) .
( K1 r Kz ry 2.13)

2 2 2 2
1— —Ki r1x> (-I _ e—KzI’zy) a1 (-I _ e—K1r1i) (1 _ e—Kzrz?) C{] - 0‘2
KirKara KiriKara

2 (a—Kinx —Karay
n (1 —Kmx (1 _e—K2r2y>2 af (e7MX 4 e7'9%Y) — 2ay0; 2070, ) .0

KirKara KiriKara
If
2
1- (1 - e—Km*) (1 - e—KZ’ﬂ) 24, 2.14)
K1 r K2r2
2 2 —Kirix —Karay) _
1— (1 - e—Km*) (1 _ e—Kzfz?) 2 (1 _ e—Kmy) of (7" + e74) — 2m05 (2.15)
KirKara KiriKara
and
1— e—KzI’zy—K1 nx > (1 _ e—K1 I"\i) (e—K1 nx + e—Kzl’z;’) , (216)

then (2.13) holds. Computing (2.8), (2.14), (2.15), and (2.16) with the fact r; > r,, we get

_ 2 2 2 2
efory ol <— % <= i , (2.17)
/90L$ _ 4K1 r K2r2 - 20(1 — K1 r Kzl’z oy — K1r1 Kzrz
which reveal that
2(2e" + 1) (e" —1
K > 2D ), 2.18)
r K2r2e2'1
and
K, < 8792 2.19)
r
Under the conditions
o —ay)(rp—d o —a
(o 2)2(2 1)<K2< 1 2’
r ry
we can write
— rn—d
@ o) = dy) 1)<r2<r1<ln iy
I’2K2 20
By (2.18) and (2.9), we have
2e" +1)(e" -1 —
of ( + 1) ( ) K, (OH 042)’ (2.20)
riKyrpe?n r
where
_ 2
K1 < M < (x1 .
8] rikara
This completes the proof. O
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Figure 1. Graph of the iteration solution of x(n) and y(n).

Example 1

In order to determine parameter values with the biological facts, we consider a mathematical model given in [21, 22] for describing
tumor and cytotoxic T lymphocytes (CTLs), which are main struggle cells of the immune system. To test the conditions of Theorem 2.1,
most of the parameter values are taken from the study [21]asr; = 0.18 day™,r, = 0.1045 day™', k; = 5x10° cells, k, = 3x10° cells,
dy = 0.0412 day™", ap = 3.422x107° cells—'day™', and a, is estimated as 4.65x1078 cells~'day™". Here, r; and k; represent growth
rate and carrying capacity of tumor cells respectively. r,, k,, and d; are growth rate, carrying capacity, and death rate of CTLs respec-
tively. The parameter o, denotes decay rate of tumor cells by CTLs, and parameter o, represents decay rate of CTLs by tumor cells.
Using these parameter values and initial conditions x(1) = 1x10°, x(2) = 1.25x10°%, y(1) = 3.1x10°, and y(2) = 3.3x10°, the equilib-
rium point (X, y) = (1.13938x10°,3.22629x10°) is local asymptotically stable where x(n) and y(n) represent tumor and CTLs population
density respectively (Figure 1).

Theorem 2.2
Let {x(n), y(n)}S2 _, be a positive solution of system (2.2). Suppose that 0 < r;y — ayy(n — 1) + ay(n) < 1 < rKyx(n) and 0 <

n=—1

r; 4+ a1x(n — 1) —axx(n)—dy < 1 < rKy(n)forn =0,1,2,3....Then, every solution of (2.2) is bounded, that is,

1 1
X(n) S (O, W) and y(n) € (0, W) .

Proof
Because {x(n), y(n)}32_; > 0and 0 < ry —ayy(n — 1) + ay(n) < 1, it follows that

n—
e ! <« e—(r1—a1y(n—1)+0tzy(n)) <1. (2.21)
Furthermore, we have

—nKix(n) <ry —ay(n—1) + ayy(n) — riKyx(n) < 0. (2.22)
Considering both (2.21) and (2.22), we get

X(N)(r —ary(n — 1) + azy(n))

1) =
x(n+1) (r1 —aqy(n — 1) + azy(n) — rKyx(n))e—r—eayt—D+oay(M) 4 ¢ K;x(n)
x(n)
<
(1 —ary(n = 1) + azy(n) — rKix(n))e=(m—ay(=+azy(m) 4 rKyx(n)
- x(n)
(r —ary(n = 1) + azy(n) — riKix(n))e™ + riKix(n)

x(n)
—riKix(n)e™! 4+ r1K;x(n)
1
- r1K1(1 — e_1).

Likewise, it can be shown that y(n) € (O, (]

1
K (1—e=1) )
. ______________________________________________________________________________________________________|
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Theorem 2.3

Let {x(n), y(n)}>2 _, be a positive solution of system (2.2). The following statements are true.

(i) fri —oqy(n—1) + axy(n) < 0andr, + a;x(n — 1) —ax(n) —dy; < 0forn =0,1,2,3..., then the solutions of system (2.2)
decrease monotonically to the positive equilibrium point.

(i) fry —oqy(n—1) + azy(n) > riKyx(n) > 0and r; + a;x(n — 1) — ax(n) —d; > rKyy(n) > 0forn = 0,1,2,3.. ., then the
solutions of system (2.2) increase monotonically to the positive equilibrium point.

Proof

(i) From the first equation in (2.2), we can write

x(n+1) A
x(n)  (A—rnKx(n)e A + rKix(n)’

where A = r; —ayy(n — 1) + ay(n) < 0. Because Ae ™ + rK;x(n)(1 —e™*) < 0, we get

(=A 4 11Ky x(n))e ™ — 1Ky x(n) + A = (" — 1)(,Kyx(n) — A) > 0.

This implies that x(n + 1) < x(n) Similarly, It can be easily seen that if r; + a;x(n — 1) — ax(n) —d; < 0, theny(n + 1) < y(n).
(ii) The proofis similar with (i) and will be omitted.

O
Theorem 2.4
Let the conditions of Theorem 2.1 hold. Moreover, assume that
rn—oy(n—1) + axy(n) >0 and r, + ayx(n — 1) —ayx(n) —d; > 0.
If
2x — x(n)
K — -1 In(Z2—2271),
rKix(n) <r —oagy(n —1) + ay(n) < n( () )
2_ —
rKoy(n) < rp; +ox(n—1) —ayx(n) —d; < In (M)
y(n)
and
x(n) <X y) <y
then the positive equilibrium point system (2.2) is global asymptotically stable.
Proof
LetZ = (X, Y) is positive equilibrium point system (2.2), and we consider a Lyapunov function V(n) defined by
V(n) = (Z(n) — 2)* n=0,12...
The change along the solutions of the system is
AV(n) =V(n+ 1) —V(n)
={Z(n+ 1) —Z(N}{Z(n+ 1) + Z(n) — 2z}.
From the first equation in (2.2), we get
AVi(n) = {X(n+ 1) —x(n)} {x(n 4+ 1) + x(n) — 2X
1(n) = {x( ) —x(m)} {x( ) +x(n) — 2X} (2.23)

= x(n)(A — rKix(n)) (1 — ™)} {Aq (x(n) + x(n)e ™ —2xe ™) + rKix(n) (x(n) —2x) (1 —e ™)},

where Ay =y —ayy(n — 1) + ay(n) > 0.
_______________________________________________________________________________________________________________________________________________|
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Under the following conditions,

A; > nKix(n), x(n) < 2X (2.24)
and
A <In (LX(”)) (2.25)
x(n)

we have AV;(n) < 0, where x(n) < x. Similarly, it can be shown that
AVy(n) = {y(n+ 1) —y(mj{y(n + 1) +y(n) — 2y} < 0.
As a result, we obtain AV(n) = (AV;(n)AV,(n)) < 0. O
Example 2
From Theorem 2.4, we can use the parameter values in Example 1 and x(1) = 1x10°, x(2) = 1x10%, y(1) = 2x10%, y(2) = 2x10°. The

graph of the first 200 iterations of system (2.2) is given in Figure 2. It can be shown that under the conditions given in Theorem 2.4, the
equilibrium point (x,y) = (1.13938x10%, 3.22629x10°) is global asymptotically stable.

106
3510 :
‘m
3t ] X
: y(n)
25} il
= s
= 2 I |
°
c
©
c15¢ 1
3
1 L 4
0.5 |
0 L L L
0 50 100 150 200
n
Figure 2. Graph of the iteration solution of x(n) and y(n). Parameter values are taken from Example 1.
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Figure 3. Graph of Neimark-Sacker bifurcation of system (2.2) for (a) f1; = 0.745271, (b) f1; = 1.86297, where k; = 5x107, x(1) = 3.3x10%, x(2) = 3.4x10°,
y(1) = 5x10°%,y(2) = 5.1x10°, and the other parameters are taken from Example 1.
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3. Neimark-Sacker bifurcation analysis

The Neimark-Sacker bifurcation is extremely important in the context of discrete biological models because periodic or quasi-periodic
solutions commonly arise as a consequence of this bifurcation of a limit cycle. For this bifurcation, characteristic equation has a pair of
complex conjugate eigenvalues on the unit circle, and all other eigenvalues are inside the circle. The following theorem that is called
Schur—Cohn criterion gives necessary and sufficient conditions of Neimark-Sacker bifurcation for the characteristic equation (2.5).

Theorem B ([20])
A pair of complex conjugate roots of p(\) lie on the unit circle and the other roots of p()) all lie inside the unit circle if and only if

(@ p(1) > 0and p(—1) >0,

(b) D1+ =14py>0andDy =1—-po >0,

(@ D3+ = (1—=po)(1+ po)(pP2 + 1+ po) + (Pop3 — P1)(P3 + pP1) > 0,
(d) D3 = (1—=po)*(1 + po — P2) + (PoP3 — P1)(P1 — P3) = 0.

We have already seen that conditions of Theorem B(a) and D1+ > 0 of Theorem B(b) are always satisfied in the local stability analysis.
The other conditions are analyzed numerically for different values of k; in the following examples.

35

x(n) and y(n)

—_
al

0 0.5 1 1.5 2 25

Figure 4. Bifurcation diagram of the system for k; = 5x107. The other parameters and initial conditions are the same as those in Figure 3.
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Figure 5. Graph of iteration solution of the system forr; = 0.52, where k; = 5x107. The other parameters and initial conditions are the same as those in Figure 3.
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Figure 6. Graph of Neimark-Sacker bifurcation of system (2.2) for f; = 0.44783, where k; = 5x108. The other parameters and initial conditions are the same as
those in Figure 3.

x(n) and y(n)

Figure 7. Bifurcation diagram of the system for k; = 5x108. The other parameters and initial conditions are the same as those in Figure 3.

Example 3

Solving D7 = O fork; = 5x107, we have two values of rq, that is, f7; = 0.745271 and f1; = 1.86297. Furthermore, we have also
D7 = 0.782941 > 0, D3+ = 2.10588 > 0 forry; and D = 0.481273 > 0, D3+ = 1.61757 > 0for 1y, . Figure 3a and b shows that 17 is
the Neimark-Sacker bifurcation point of the system with the complex eigenvalues |\ ;| = | —0.184778 + 0.427687i| = 0.465896 < 1,

|A34] = ]0.924869 + 0.380286i| = 1, and 73 is the another Neimark-Sacker bifurcation point with the complex eigenvalues |\ ;| =
| —0.395606 4 0.601849i| = 0.720227 < 1,|A34| = [0.836241 + 0.548363i| = 1 respectively.

The behavior of model before a Neimark-Sacker bifurcation at r; = 0.52 is shown in Figure 5. From Figure 5, we deduce
that solutions of the system have damped oscillations and the positive equilibrium point is local asymptotically stable. These
damped oscillations persist up to r; = ;7 = 0.745271. If r; is increased beyond this value, the norm of dominant eigenval-
ues of the system is greater than 1 for 0.745271 < r; < 1.86297 (Figure 4). This shows that the positive equilibrium point of
the system is unstable for this region. For r; > r;; = 1.86297, norm of this eigenvalues again are less than 1, and the system
becomes stable.

Now, we compute a bifurcation point of system for k; = 5x102 in the following example.
_____________________________________________________________________________________________________
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Example 4
For k; = 5x108, if we solve Dy = 0, then we have 1y = 0.44783. Clearly, for this ry, we have also D7 = 0.873197 > 0 and D;" =
2.12931 > 0. Figure 6 shows that 1y is the Neimark-Sacker bifurcation point of the system with the complex eigenvalues |\;,| =
| —0.11228 4 0.337929i| = 0.356094 < 1, |A34] = |0.959058 £ 0.283211i| = 1.

After the bifurcation point, the system bifurcates to unstable situation, and no more stable dynamics or stable periodic orbits are
available (Figure 7).

4. Results and discussion

In this paper, we consider a system of differential equations with piecewise constant arguments that is based on Lotka-Volterra
competition-like model. Using Schur-Cohn criterion, we give some specific conditions for local asymptotic stability of the positive
equilibrium point of the system in Theorem 2.1. To test these conditions, parameter values are taken from a mathematical model given
in [21] for describing competition between tumor and CTLs, which are major cells of the immune system. Under the conditions of
Theorem 2.1, it is observed that tumor cell (x(n)) and CTLs (y(n)) populations coexist as a stable steady state (Figure 1). Moreover,
it is shown that the global stability of the system depends on initial cell density of the tumor and CTLs populations in conditions of
Theorem 2.4 (Figure 2).

Because the parameter k; (carrying capacity of tumor population) and parameter ry (growth rate of tumor population) have a strong
effect on the stability of the system, we choose parameter r; as a bifurcation parameter and investigate Neimark-Sacker bifurcation
point of the system for different values of k;. For k; = 5x107, bifurcation points of the system are obtained as f1; = 0.745271 and
T2 = 1.86297 (Figures 3 and 4). In the region r; < Tq7, the solutions of the system have damped oscillations that give way to a
stable spiral (Figure 5). If growth rate of tumor population (ry) is increased beyond the bifurcation point, then the positive equilibrium
point of system (2.2) is unstable until r, = r; = 1.86297. For r; > T13, the system again tends to stable situation as a result of
competition between tumor and CTLs populations (Figure 4). On the other hand, for k; = 5x108, the solutions of the system exhibit
different dynamic behaviors where the system bifurcates to unstable situation at the Neimark-Sacker bifurcation point r;y = 0.44783
(Figure 6). If rq is increased beyond this value, the system has chaotic behavior, which means that the population behavior cannot be
predicted (Figure 7).

As seen from the aforementioned theoretical and numerical results, the parameters r and k; play a key role on the dynamics of the
system. As the growth rate of tumor increases, tumor cells need more space and will want to increase carrying capacity (k;). When k;
reaches from 5x106 to 5x107, CTLs can suppress tumor populations, and the system tends to stable situation as a result of interaction
between two populations (Figure 4). On the other hand, if k; reaches to 5x108, CTLs cannot suppress tumor populations in the interval
r; > 0.44783, and chaotic behavior occurs for the system (Figure 7).
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