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Abstract. In this paper, we deal with the next difference equation

X X X
_ n-4"*n-5"n-6
X, = b , NeNy,
Xn—lxn—2 (a + Xn—SXn—4Xn—5Xn—6 )

where a,beR and the initial conditions x_, i e{l,2,...,6}, are real numbers. Also, we give

the form of well-defined solution of aforementioned difference equation. Finally, we study the
asymptotic behavior of well-defined solution of this equation by using obtained formulas.
Keywords: Difference equation, periodic solution, well-defined solution.

1. INTRODUCTION

Our aim in this study is to show that the following difference equation

X X X
X = n-47n-57n-6 ,neN,, (1.1)
Xn—lxn—Z (a‘ + bXn—3Xn—4Xn—5Xn—6)

where a,beR and the initial conditions X ., i 6{1,2,...,6}, are real numbers, is solvable in

closed-form by using suitable transformation. Also, it is to study the asymptotic behavior of
well-defined solution of Eq. (1.1).

In recent years, due to important the theory and applications of difference equations
and system of difference equations to physics, economy, ecology, biology and so forth, one
can see the citation in [1-11], to find the difference equation or their system which can be
solved in closed form have been studied extensively in the following articles [12-30]. Besides,
it is very important to characterize the behavior of the solutions of these equations and
systems. Although many methods are proposed by researchers, the most basic method to do
this is to find a closed formula of the solution of the equation or system and analyze it. For
example, Tollu et al. [23] studied the solutions of two specials types of Riccati difference
equations

1
~1+y,’

and yn+1 =

neN,,

nil

1+x,
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such that the obtained solutions are related to Fibonacci numbers. Cinar, in [13, 31], got the
form of solutions of the next difference equations

ax
ned = and Xn+1 = '
1+bx X, , —1+ax,X, ,

X

n-1

Elsayed, in [14, 16], investigated the behavior and expression of the solutions of the
following difference equations

Xn—2 Xn—4
X0 (L X ,X, o)

Xn—SXn—4
Xn (ili Xn—lxn—z Xn—SXn—4)

X =

n+1

and x,, =

Touafek et al. [25], studied the solution form of the next difference equations systems

Xn—?_xn—4
Xn—l (il T Xn—2 Xn—4 )

Xn—3xn—4
Xn (i:]'i Xn—an—Z Xn—3Xn—4)

n+l

and x,, =

The paper is organized as follows. In section 2, we will give the solution form of Eq.
(1.1) by using suitable transformation. Later, we will study the asymptotic behavior of well-
defined solution of Eq. (1.1) according to the parameters a and b. In section 3 we will present
numerical examples for the solution of Eq. (1.1) regarded to the different values a and b. The

obtained solutions are plotted in (n, xn)-plane by using Mathematica 9.
2. MAIN RESULTS

The aim of this section is to show that Eq. (1.1) can be solved in closed form. Another
aim of this section is to investigate the behavior of the solution of Eq. (1.1). Throughout this
paper we suppose that the general solution of Eq. (1.1) is well-defined.

Theorem 2.1. Suppose that (xn)n}6 is a well-defined solution of Eq. (1.1). Then, for
m>-1and je{234,5}, we have

X A )a DX (18 B )at b r(ma-bX)a
X12m+3j — 3j12 o bx73 +(1—a—bx73)a4s+j+l bxil+(1_a_bxil)a4s+j—l bX72 +(1—a—bx72)a45+j_2 )

=X ﬁ DX +(1—a_bx73)a45+i+1 bX_, +(1_a_bxfl)a45+j_l bX_, +(1—a—bx,2)a45”‘2
X12m+3]+1_ 3j-11 L] bX72+(1_a_bX72)a4s+j+l bX73+(1_a_bx73)a4s+j bX,1+(l—a—bX71)a4s”‘z’

y lﬂ[bX_2 +(1-a-bX_,)a*" " bX ,+(1-a-bX_;)a*"’ bX_ +(1-a—bX_,)a*"?
Tamajiz = %0l | bX_, +(1-a—bX_;)a*"" bX_, +(1-a-bX_,)a"" bX_,+(1-a-bX_;)a*™*’
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If a=1, and

lﬂ[ 1+(4s+ j)bX_, 1+(4s+ j—1)bX_, 1+(4s+ j—2)bX_,
Kamsj = Faya2 o 1+( 4s+j+1)bX 1+(4s+ j—1)bX , 1+(4s+j-2)bX ,

y ﬁ1+(4s+ j+1)bX _; 1+(4s+ j—1)bX_ 1+(4s+ j—2)bX,,
Mamssja = L1+ (4s+ j+1)bX , 1+(4s+j)bX , 1+(4s+j-2)bX,

m 1+ (4s+ j+1)bX_, 1+(4s+ j)bX_; 1+(4s+ j—2)bX
o1+ (4s+ j+1)bX_ 1+ (4s+ j)bX_, 1+(4s+ j—1)bX_,

X12m+31+2 3] 10

If a=1, where X , =X X ,XX,, X ,=X,X X X, and X ;=X X ;X X.

Proof. By means of the change of variables

y = X, X, 41X, o Xy 5, N=—3, (2.1)
the equation in (1.1) becomes
y,=ay,;+b, neN,. (2.2)
From (2.2), we can write
Yanii = gy +D NENg, 1=0,1,2. (2.3)

By employing the well-known formula for the solution of linear difference equations,
we get

m+1

Yo = Vi@ + bl_ , me N, (2.4)

1-a
If a=1 and

Yami = Yis +(M+1)b, meN,, (2.5)
If a=1. From the change of variables (2.1), we get the equation

X4n+i1 -

y4n+i1 X4n+i1—1x4n+i1—2 X4n+i1—3

_ Yansia X _ (2.6)

4(n—1)+,
y4 N-+iy

. y4n+i1—l y4n+i1—5 y4n+i1—9

4(n=3)+i,
y4n+i1 y4n+i1—4 y4n+i1—8

€{0,1,2,3}, from which it follows that
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m
y125+3j+i—1 y125+3j+i—5 y125+3j+i—9
3 j+|—12H

, (2.7)

Xiomiajsi =
s=0 Yiosi3j+i Yiosisjei-a Y12s43j+i-8

for each je{2,3,4,5} and i{0,1,2} andevery m>—1. Using (2.4) and (2.5) in (2.7) we
can write the solution of Eq. (1.1) as follows

H bX_, +(1-a—bX_,)a*" bX_,+(1-a—bX_,)a"" ™" bX ,+(1-a-bX_;)a*"?
Yamesy = izl L™ ,+(1-a-bX_)a* " bX_ +(1-a-bX_)a* ™ bX_, +(1-a-bX_,)a" 1’

1ﬂ[bx s +(1—a—bX_;)a*™ bX_ +(1-a-bX_ )a*"? bX_, +(1-a—bX_,)a*"?
X12m+31+1 3] 11S obX +(1 a— bX ) 43+j+1 be3+(1—a—bX73)a4S+j bx71+(1_a_bxil)a4s+j—2’

lﬂ[bX , +(1—a—bX_,)a*"" bX_,+(1-a—bX_;)a*" bX_ +(1-a-bX_)a*"?
Tamisiez = %oi0] Lo L +(1-a—-bX_,)a""" bX_, +(1-a-bX_,)a*" bX_,+(1-a-bX_ ;)a*"*’

If a=1 and

lﬂ[ 1+(4s+ j)bX_, 1+(4s+j—1)bX_, 1+(4s+ j—2)bX_,
Hamsj = Faya2 o 1+( 4s+j+1)bX 1+(4s+ j—1)bX , 1+(4s+j-2)bX ,

m1+(4s+ j+1)bX 5 1+(4s+ j—1)bX_, 1+ (4s+ j—2)bX_,

)(12r”+3"*1=)(3"‘“1;.[1+(4s+j+1)bx,2 1+(4s+ j)bX , 1+(ds+j-2)bX

+(4s+ j)bX 5 1+(4s+ j—2)bX_,
+(4s+ j)bX_, 1+(4s+ j—1)bX _,

X12m+31+2 3] 10

m1+(4s+ j+1)bX , 1
o 1+(4s+j+1)bX ;1

If a=1 where X ;=X X ,XX,, X, =X,XX Xz and X ;=X X X X B
The following results follow from above Theorem.

Corallary 2.2. Suppose that a=-1,b#0, x; #0,i; €{1,2,..,6}, and (x,) _ isa well-

N /n>-6

defined solution of Eq. (1.1). Then, for m>—-1and je{2,3,4,5}, we have

H bX_, +(2-bX ,)(=1)"*"" bX, +(2-bX,)(-1)*"" bX , +(2-bX ,)(-1)*"”
X12m+3j 3]—1250bx +(2 bX )( )4S+J+1 bX +(2 bX 1)( 1)45+J—1 bX +(2 bX 2)(_1)4s+j—2’

be 5 +(2-0X ) (=) bX , +(2-bX ) (-1) T bX, +(2 bxz)(—l)“s*f"2
ol lhxC +( —bX, )(=1)" X, +(2-bX 4 )(=1)®" bX , +(2-bX ,)(-1)*"

X12m+3j+1

lﬂ[bx s +(2-0X,) (=) bX_, +(2-bX ;) (-1)"" bX_, +(2-bX_,)(-1)*"*
B Lo+ (220X ) (D)™ T B, +(2-DX_, ) ()™ bX (26X ;) (1)

X12m+3j+2
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where X ;=X X ,X ;X 4, X, =X,X X X5 and X ;=X ;X X X,. |

Corallary 2.3. Let (x,) . be awell defined-solution of Eq. (1.1) with a=0 and b=0.
Then, for m>1 and k =6,7,...,17, we get

Xk —12

Xiomek =
m+ am+:|.

Teorem 2.4. Suppose that a=—1,b=0, x; =0, i, =1,6, and (x,).. o isawell defined
solution of Eq. (1.1). Then, the next statements hold.

a) If Japl X, =%, and X ;=2 then x, >0 as m— oo,

b) If |al>1 X, =2, — o0 and

X, 5 a
X,=%and X ;=45 ,then x,. .., =0, ‘X12m+1+1
_)

—oo as m

‘X12m+3j+2

c) If|ajp1 X, =32, X, =5 and X ;=32 then [x,,,;

—> 0, Xomisja —0 and

—> 00 aS M —» o0,

‘X12m+3j+2
d) Ifjajp1 X, =52, X, =% and X ;=52 , then |x,,,,;
X12m+3j+2 _)O as m-—oo.

— 00 and

—> 0, ‘X12m+3j+1

e) Iflap1 X =%, X, =45 and X ;=42 ,then x,, ,, —0, x,,.,,—0and

—>00 asS M —» oo,

‘X12m+3j+2

f) Iflapl X, =52, X, =% and X =32, then X, i —0, Xy, 4| = and

Xomizjiz —> 0 @S M—> 0.

9) If lal>1 X, =52, X, =52 and X ;=12 then |x,,

— 0, X12m+3j+l —0 and
Xiomszjiz —>0 @S M—>co.

h) If Jal<1, then the sequences (X,,;) . converge for every i =011

<N,
i) If X, =X,=X =% then x,,,, =X, MmeN,, j=617.

j) If a=0, then the sequence (x,) . is 4-periodic.

n>-6
k) If a=1 then x, >0 as n— oo,

where X ;=X X ,X ;X 4, X, =X,X X X and X ;=X ;X ;X X .
Proof. We will present the proof for each cases seperately. Let

bX_, +(1-a—bX_)a"™! bX_,+(1-a—bX_,)a*™'" bX_,+(1-a—bX_;)a"™'™?

N ' ' —, (2.8

m bx_3+(l—a—bx_3)a4m+1+1 bx_1+(1—a_bx_1)a4m+1—l bX_2 +(1_a_bx_2)a4m+172 ( )

o DXt (1ma-bX ;)™ DX, +(1-a-bX )™ EbX , +(1-a-bX ,)am e ) o)
Adm+j-2 '

" bX,+(l-a-bX,)a™ " bX ,+(1-a-bX ;)a*™ bX ,+(1-a-bX,)a
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and

W = bX_, +(1—a—bx_2)a“m+f+l bX _, +(1—a—bX_3)a4"‘”: bX_1+(1—a—bX_l)a4m+i_‘2
" bX,+(1-a-bX_,)a"™!" bX_ ,+(1-a-bX_,)a"™ bX ,+(1-a—bX ,)a*" I’

(2.10)

for every je{2,345 and meN,, where X, =X ,X,XX,, X,=X,X.X,X, and
X 3 =X gX ;X X .
(@): When |a|>1, X_ =2, X,#% and X_, =12, we have

limw?) ==, limw™ == limw))"? = 5 (2.11)

m—o0 a m—o0 m—o0

for every je{2,3,4,5}, from which along with Theorem 2.1, the result can be seen easily.
(b)-(d): We will exclusively prove (b) since the others can be proven similarly. When |a|>1,
X, =%, X,=8and X, =%, we get

lim w’J :%, limw " =a, limw)* =a (2.12)

m—oo a m-—oo m—o0
for every je{2,3,4,5}, from which along with Theorem 2.1, the results in (b) can be
obtained easily.

(e)-(g): We will solely prove (e) since the others can be thought in the same manner with it.
When |al>1 X, =42, X, =2 and X ;#%&2 , we have

limw’) = I|mvv3‘*1:i2

m—o0 m—oo

limw/* = (2.13)

m—o0

for every je{2,3,4,5}, from which along with Theorem 2.1, the results in (e) follow easily.

(h): Employing the Taylor expansion for (1+ x)_1 on the interval (—g,e), where ¢ >0, we
get, for sufficiently large m,

; bX +(1-a-bX_)a"™! bX ,+(1-a-bX_,)a"™ " bX ,+(1-a—bX ;)a*™?
"X +(1-a-bX 4)a*™ " bX , +(1-a-bX ,)a"™ It bX , +(1-a-bX_,)a"™ i

=1+ M(l_lj a4m+j + (1_ a-— bx—z) (a _1j a4m+i

bX , a bX a’
02X )(1-2") i, (-2 bX-l)(l_lj(l a bX-z)(azljasmm (2.14)
bX , a bX a bX_, a
+(1_a_bx1)(1_1](1_a_bxs) 1_3-3 a8m+2j
bX , a bX , a’
3
+(1—a—bX2)(a—21j(l—a—bX3) 1—;';1 a8m+21+(9(a4”‘),
bX a bX , a
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WA bX ;4 1—a—bX , a7 bX ,+ 1-a—bX , a7 bX ,+ 1-a—bX , a*"?
" bX ,+ 1-a—bX_, a™™¥ bX ,+ 1-a—bX , a*™ bX ,+ 1—a—bX , a*™i??

+(1—z;ix3) a—1 g™ +(1—z;kle) [i_é]am”
A e S G e s
L-a- bX ) e 1& :;X bX 2)[a a]a8m+2j

e e deoe

32 X, 4+ 1—a—bX_, a"™ "X ;+ 1-a—bX ; a""! bX ; + 1—a—bX_ ; a*™"!?
wit? = : : :
" bX ,+ 1—a—bX_ , a"™™ bX ,+ 1-a—bX_ , a"™ bX ;+ 1—a—bx , a""™*

PGl S PP -1-—(1_61_bx3)[1—1]5‘”‘+j

bX , bX , a
(1—a—le)[1 ]m+J (l—a— bX ) {—a—bX 3)[ 1] omizi
+—| = —ajla 1 a"! 2.16
bX a’ &1 bX a (2.16)
+(1—a—bX3)[1_3](1—a—bx1)[__6‘]{318m+2j
bX a bX , a’

Ld-a—bX.,) {—a-bx ) am-2] im
1 G0 €D

bX _, 7 bX

The results follow from (2.14) - (2.16) and the condition |a|<1.
(i): This result can be seen easily from the assumption X =X ,=X ;=% and some

simple calculation.
(): If a=0, from (1.1) we get

1 1
X, = = =X, 4, NEN, (2.17)
bX, X, ,X, 3 D=t X, X

bXn—ZXn—3Xn—4 n—2"n-3

from which the result easily follows.
(k): For each j<{2,3,4,5} and suffciently large m, we obtain

ISSN: 1844 — 9581 Mathematics Section
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lm[ 14+ 4s+jbX , 14+ 4s+j—1bX ,1+ 4s+j—2 bX ,
Xameay =] L o T T 1y st 2 X

L i el =)
=X jlzcl(mo)sl;)[+l 1+ 1+(4j$§()§x,3 1+(4 JSb;)bx 1 G 14+( &i)%;(,z )
X 4,C, (M) H 1+— +O[ ] 1+—+O[—] 1—3+O( ] (2.18)
! cmal 48 4s s? 4s s?

X3 1,C1(Mg)e D! { +OE])

) G M, MDY

M1+ 4s+ j+1bX 1+ 4s+ j—1DbX 14 4s+j—2DbX,
Xomiaj = X3j7111_[

sol+ 4s+j+1bX , 1+ 4s+j bX , 14 4s+j—2 bX ,
sy [ L e LG
s 1 g e GEE)
1 1 1 1 3 1
X3;.12C, (Mg) H [1+4 +O[ ]][1+4—S+O[?]][1—4—S+0[8—2]] (2.19)

s=mgy+1

= ijfllC (mo)e o [ +O€I)

DN
Xs3511C, (mo)e[ wd Q},

.y m 1+ 4s+ j+1DbX , 14 4s+j bX ;14 45+ j—2 bX
Xamiajz = WL+ 454+ j+1bX 1+ 4s+j bX , 1+ 45+ j—1bX_,
1+1+(j+1)bx'2 1_|_ 14 jbX 4 1_’_1+(j72)bx_1

—X.. C (m ) 4-sbx_2 4sbX_, 4.sbx_l
oG5 1] Twgme Topc (+ TR
1 3 1
X3510C5(My) Hl 1+4 +O 1+E+O ? 1—E+O I~ (2.20)
S=My+

X3; 1G5 (mo)e o [ +O€I)

[0 0 @_

= X3J-,10C3(mo)e

From (2.18) -(2.20) and employing the fact that Z(J ]—> oo as m— oo, then the
=1\

statement can be seen easily.m

The following theorem gives the behavior of well-defined solution of Eq. (1.1) in the
case a=-1, b=0.
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Theorem 2.5. Suppose that a=-1b=0, x;, =0, ii=12,.,6, and x, _  isa well-
defined solution of Eq. (1.1). Let N, =bx , ,x; X, .x,;,—1 for i=0,14,2 and t=12.
Then the next statements hold.
a) If X =X,=X,= % then x, _  istwelve-periodic.
b) If sz =X -3 % |N |<l then |X12m+6t+2||_’oO and Xiomyeti2in —0, as
m— oo
c) If X,=X;=% and [N,[>1 then X, ¢, —0 and |X12m+6t+2i+1|_’oo’ as
m— oo
d If X, =X,;=% and |[N|<1 then X, ., —0 and |X12m+6t+2i+l|_>oo' as
m-—oo
e) If X =X, :% and |N1 I>1, then |X12m+6t+2i|_)oo and X12m+6t+2i+1_>01 as
m— oo
) If X, =X,=% and [N,|<1 then |X12m+6t+2i|_>oo and Xm0 — 0, @S
m-— oo
g) If X,=X,=% and [N,[>1 then X,, ¢, —0 and |X12m+6t+2i+l|_)oo’ as
m— o<.

hy If X =2, X ,=2, X =2, X ,=1 X =1 and | <1, then Xip.g. —0
and |x12m+6t+2i+1| — 00, @ M— o,

) If X, =2 X, =% X 3= X =4, X 3=4 and [£[>1, then [X,.¢,] — o0
and ><12m+6t+2i*1—>0 as m— oo

j) If X, =%and g+=1then x _  istwelve-periodic.

k) If X =2 and ﬂ—i:—l, then x, _ . istwenty four-periodic.

) If xfzzg,xfl::%, X =2, X, =4, X, =%  and |NN,|<1 , then

|X12m+6t+2i|_>oo and X12m+6t+2i+l —0, as m— oo

mIf X ,=3 X, =2 X ;=& X =%, X ;=¢ and |[N;N, [>1, then X, . » —0
and |X12m+et+2i+1|_’oo’ as M—oa.

n) If X,=%and N,N,=1,then x, _  istwelve-periodic.

o) If X ,=2and N;N,=—1, then >Zn ¢ Is twenty four-periodic.

p) If X ,=2,X, =% X ,=% and l<1,  then |X,, 5.5 —00 and
Xiomsts2is — 0y @ M— 00,

q) If X,=2 X, =4 X, =t and |£>1 then X, 4., —0 and
|X12m+6t+2i+l|—>oo’ as m-— oo.

r If X ,=2and i‘,—le ,then x _ _ istwelve-periodic.

s) If X ,=¢and gz=-1,then x, _  istwenty four-periodic,

where X ; =X X ,X 35X, X, =X,X XX and X 5 =X X ;X X .

ISSN: 1844 — 9581 Mathematics Section
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Proof.

(a): From Theorem 2.4.-(i), the result can be seen easily.
In here, we will prove the items (b)-(c) since (d)-(e) and (f)-(g) can be proved similarly.

(b)-(c):When X ,=X ;=2 and X , =2, from Corollary 2.3. we have that

. bX~1+ 2—ng1 (_1)4s+j X3j-12

X1 .= X L — — - y
2m+3] 3 12!:! bX ,+ 2—bX (=Dt bX_yt 2-bX_, (it ™

npX |+ 2—bX , (—1)% X

bX_;+ 2-bX_; (~1)]

3j-11

Xomi3ji1 = ijfnn

n X, 4+ 2—bX_, (~1)*"i2 X

=0 bx71 + 2 —b)(71 (_1)4s+j72 = X o 26K L (1) m+1

bX_,+ 2-bX_, (—1)17

3j-10

Xl m+3j =X j— S+ -
2m+3j+2 3j IOSZO bX_l+ 2—bX_1 (_1)4 +j+1

bX_;+ 2—bX_,; (—1)172

In here there are two cases to be considered.
e jiseven case: In this case we have

X, _ Xot 12 _ Xot 12
2m+6t — - '
+ bX 11 2 bx L (1Pt ™ bX ,—1 mtL
bX_y+ 2-bX_; (—1)*
X, _ Xot 11 Xot 11
2m+6t+l = g
+6t-+ bX ot 2 bx_, (2 ™ !
bX_y+ 2-bX_, (1P bX_y—1
X, _ X6t 10 _ X6t 10
2m+6t+2 ~ - !
+ bX ot 2 X, (L2 ™ bX ,—1 m+1
bX_;+ 2-bX_; (—1)%*2
where j=2t and te{l,2}.
e |isodd case: In this case we get
X, _ Xst_o Xot_o
2m+6t+3 ~ - !
rote bX_;+ 2-bX_; (—-1)* m 1 ™
bX_y+ 2-bX 4 (1P bX_y-1
X, — Xot 8 _ Xot 8
2m+6t+4 = |
+6t+ BX_y+ 2-bX_, (—1P m+1 bX . 1 m+1
bX_;+ 2-bX_; (—1)*
X, _ Xot_7 _ Xe g
2m+6t+5 ~ - !
* bX_y+ 2-bX_; (~1)%'*2 m ™
bX_y+ 2-bX_, (DAL bX_y-1

where j=2t+1 and te{l,2}.

WWW.josa.ro

. 1°
bX_,+ 2-bX_, (-1)it ™

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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From (2.24)-(2.29), the

results can be seen easily.

(h)-(k): When X , =2, X ,=%, X =1, X ,=2, X ;=£, and from Corollary 2.3., we

have

mbX ,+ 2-bX, (=)*bX 4 2-bX ; (-D*

Xiomi3j = X3j-12H

so0bX g+ 2-bX 5 (“1)* DX, + 2-bX , (-1

y (2.30)
. 3j-12
bX g+ 20X 5 (- ™ bk L 2obx, iz ™
bX_,+ 2-bX_, (—1)it bX_g+ 2-bX_5 (—1)172
x .y lm[ bX ,+ 2—bX , (=D)* " bX ,+ 2—bX , (=1*"?
IR SBX 4+ 2—DX , (—=D)*TT bX 4 2—bX , (—1)*
2.31
o X3j 11 ( )
bX_,+ 26X, (-0 ™ bx 2bx (ol ™
bX_g+ 2-bX_5 (—1)i* bX_,+ 2-bX_, (—1)i72
x . ﬁbx*z + 2—bX , (=D)"bX ,+ 2—bX , (—1*"
e RIS X 4 2—bX , (=D DX, + 2—bX , (—1*'
y (2.32)
_ 3j-10
BX gt 2-bX 5 (-t ™ x4 2bx, (cn) ™
bX 4 2—bX_, (—1)}* bX 5+ 2-bX_5 (—1)!
Similarly, in here there are two cases to be considered.
e jiseven case: In this case we have
X, _ Xot_12
2m6t bX g+ 2-bX 5 (-2 ™ px opx, (cp2e ™
bX_,4 2-bX_, (~1)%*7 bX_5+ 2-bX_5 (~1)*2
2t 2 ( ) 3 3 ( ) (233)
_ Xot_12
bX_y—1 m+1 7
bX_,—1
X, _ Xot-11
S S T A L P I e
bX_g+ 2-bX_5 (~1)*"* bX_,+ 2-bX_, (—1)**2 (234)
_ Xot-11
bX_,-1 m+1 "
bX 51
X, _ X6t—10
2m6t2 bX gt 26X 5 (-2 ™ bx i 2obx, (p2 ™
bX_,+ 2-bX_, (—1)*** bX_g+ 2-bX_5 (-1)* (2. 35)
_ X6t-10
bX_y-1 m-+1"’
bX_,1
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where j=2t and t €{1,2}.

e |lisodd case: In this case we get

X, _ Xot_9
2m46t+3 1 1
bX g+ 2-bX_s (—1)2%2 ™ bx L4 2bx, (-p2t M
bX_,+ 2-bX_, (-1)* bX_5+ 2-bX_5 (~1)** (2 36)
__ KXo
T X -1 m+1 "’
bX_,—1
X, _ Xot_8
2m+6t+4 1 1
bX_,+ 2-bX_, (~1)22 ™ by i 2bx_, (cp2t M
bX_g+ 2-bX_5 (—1)*+2 bX_,+ 2-bX_, (—1)*7 (2 37)
__ X8
X o1 m+1?
bX_,—1
X, _ Xot_7
2m+6t+5 ~ 1 1
BX 4t 26X 5 (D2 T bX pp 2-bX, (12 M
bX_,+ 2-bX_, (—1)**2 bX_5+ 2-bX_5 (—1)** (2 38)
_ Xes
T X -1 m-+1 "’
bX_,—1

where j=2t+1and te{l,2}.
From (2.33)-(2.38), the results can be obtained easily.

The proofs of (I)-(0) and (p)-(s) can be proved similar to the proof of (k)-(I). So we
will omit them here.m

Finally we investigate the asymptotic behavior of solution of Eqg. (1.1) when
a=0, b=0, by employing the following formulae, for the case a=1, i €{0,1,2}

m1
Xiomi3j+i = Xgjri12 g: me N, (2.39)
=0

while for a=1,
Xiomiajii = Xajyi120 ME Ny, (2.40)

By using above formulae, we give the following theorem. Proof of the theorem can be
seen easily from (2.39)-(2.40).

Theorem 2.6. Let a=0, b=0 and x, _  be a well defined solution of Eq. (1.1). Then,

the next statements hold.
a) If |a]>1, then x, —0 as m— oo

b) If |al<l, then x, — oo as m— ox.
¢) Ifa=1 then x _  istwelve-periodic.

d) Ifa=-1 then x,  _  istwenty four-periodic.

WWW.josa.ro Mathematics Section



On the solvable of nonlinear ... Yasin Yazlik and Mujdet Gungor 411

3. NUMERICAL EXAMPLES

For confirming the results of this paper, we give numerical examples for the solution
of Eg. (1.1) regard to the different values of a and b.

Example 3.1. Consider the equation (1.1) with the initial values x ,=-15.71,
X  =87.76, x , =48.97, x ,=12.23, x ,=—0.45, x ; =97.01. Moreover, we take the
parameters a=2.27,b=1.34, i.e.,

80t

60}

40}

x[n]

20+

~20¢L

0 20 40 60 80 100 120

n
In this case the condition (a) in Theorem 2.4 is satisfied. Hence, the solution of Eq. (1.1) tend
to zero.

Example 3.2. Consider the equation (1.1) with the initial values x (=2.25, x , =—0.64, ,
X ,=375x ,=-152,x,=291 x ,=3.64. Moreover, we take the parameters
a=05 b=2, ie,

(=]

0 20 40 60 80 100 120
n
In this case the condition (h) in Theorem 2.4 is satisfied. Thus the sequence (X,,,.;)

meN,

converge for every i=0,11 .
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Example 3.3. Consider the equation (1.1) with the initial values x ,=0.8, x ; =0.5,
X ,=10,x ,=0.1 x , =1 x , =2. Moreover, we take the parameters a=—-1, b=5, i.e,,

35=10"
30=x10" |

25=10" |

(%]
»

=
T

10=10"

a
50=10"
0
VET 1 1 T T T 1 1 T T T 1 T T T T 1

In this case the condition (q) in Theorem 2.5 is satisfied. Thus some of subsequence of the x,

sequence converge to zero and simultaneously the absolute value of the others diverge to
infinity.

e Ll Ly e bl byl aaloi

r_-.
[
=
+=
= H
o
[
m_
&
=
=
[

Example 3.4. Consider the equation (1.1) with the initial values x ,=—-3.47, x ; =0.7,

X,=-197,x,=12, x ,=—045 x , =—3.01. Moreover, we take the parameters
a=1 b=-15, ie,

10} |
8_

X[n]

0 50 100 150 200 250 300
n

In this case the condition (k) in Theorem 2.4 is satisfied. Thus, the solution of Eq. (1.1) tend
to zero.

Example 3.5. Consider the equation (1.1) with the initial values x =0.85, x ;, =—9.68, ,
X,=1x,=14,x ,=05,x , =—0.2. Moreover, we take the parameters a=-—1 b=0,
Ie.,
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M_AV o LA AL Mv ALA

1 I I 1 1 I 1 1 I I 1 1 I 1 I I 14
r h A B f e h
0 20 40 60 &0 100 120

n

In this case the condition (d) in Theorem 2.6 is satisfied. Hence, the solution of Eg. (1.1) has a
periodic solution with period twenty-four.
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