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Abstract. In this paper, we introduce the modified generalized Fibonacci and Lucas
quaternions. We present the generating functions, the Binet formulas and some significant
identities for these quaternions. Also, we give the matrix representations of the modified
generalized Fibonacci and modified generalized Lucas quaternions.
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1. INTRODUCTION

The Fibonacci numbers play an important role in various areas such as mathematics,
physics, computer science and related fields. The Fibonacci numbers are defined by the
recurrence relation

FO = 0, Fl = 1, Fn+2 = Fn+1 + Fn, n= O (11)

Another significant number sequence is the Lucas numbers which is defined by the
recurrence relation

Lo=2, L =1 Lpyy=Lpyy+Ly n=0. (1.2)

In recent years, there have been a lot of applications and generalizations of the
Fibonacci and Lucas numbers in the literature [1-8]. For example, Falcon and Plaza[2]
introduced the k —Fibonacci sequence, {F ,}n=o, Dy €xamining the recursive application of
two geometrical transformations used in the (4TLE) partition. Yazlik and Taskara[4] defined
the generalized k —Horadam sequence and proved some properties of this sequence by means
of determinant. In particular, Edson and Yayenie[5] presented an important generalization of
the Fibonacci numbers, which is called as bi-periodic Fibonacci sequence, and then they
derived the extended Binet formula, generating function and lots of identities of this sequence.
Furthermore, Yayenie[6] defined the modified generalized Fibonacci sequence as

_ _ _ (aQp_1 +cQy_, ifniseven
QO - 0; Q]_ —_ 1; Qn - {an_l + dQn_Z lfnls Odd ) n 2 2 (13)
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where a, b, c and d are real numbers. Also he gave generating function, the generalized Binet
formula and some basic identities for Q,,. Motivating by the studies [5] and [6], Bilgici [7]
defined the bi-periodic Lucas numbers and modified generalized Lucas numbers and gave
generating functions, the Binet formulas and some special identities for these sequences. He
defined the modified generalized Lucas sequence as

bU,_; +dU,_, ifniseven

UO = Ul =a, UTl = {aUn—l + CU‘I‘L—Z ifnisodd ’

n=2, (1.4)

where a, b, c and d are real numbers. The generating functions of Q,, and U,, are given by

x(1+ax—cx?)

_ o n _
H(x) o 2n=0 an T 1—(ab+c+d)x2+cdxt (1'5)
and
_ v n_1 d+1+adx—(ab+cd+c)x%+adx3
Ulx) = Z"=0 Unx™ = d( 1—(ab+c+d)x2+cdx* )' (1.6)

respectively. In addition, the Binet formulas of the sequences Q,, and U,, are also given by the

following formulas:

al-¢m al%(a-{-d—c)n_lgj—ﬁng(ﬁ+d—c)n_ng
n = T .7
(ap)lz] a=p
and
n-1 n n-1 n
_ as®™ (a+d+Da TJ(a+d—c)IEJ _ (B+d+1),8[TJ(,8+d—c)IEJ (1 8)
n (ab) nT_ll a—ﬁ Ol—[i’ .
— —d)2 —_ — —d)2
Where ¢ = ab+c—d+/(ab+c—d)2+4abd and B = ab+c—d—/(ab+c—d)2+4abd are the roots of the

2 2
polynomial x? — (ab + ¢ —d)x —abd = 0 and é(n) = n — 2 EJ is the parity function that
we use throughout the paper. Note that, we also assume that A = (ab + ¢ — d)? + 4abd > 0.
The quaternions, which arise in quantum mechanics, physics, mathematics, computer
science and related areas, are a number system that extends the complex numbers. The
quaternions were first introduced by William Rowan Hamilton in 1843. In general, a
quaternion q is defined by the following formula

q=qo+iq; +jq, +kqs, (1.9)
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where i, j, k are standart orthonormal basis in R® and q,, g1, g, and g3 are real numbers. In
addition, the basis i, j, k satisfy the following multiplication rules

i2=j%=k?=ijk=-1. (1.10)
Note that, the conjugate of the quaternion g is defined by
q =qo—1iq1 —jq2 — kqa, (1.11)
where i, j, k satisfy the rules (1.10). Recently, the quaternions have attracted much attention of
researcr_\ers [9-18]. For example, Horadam [9] defined the nth Fibonacci and Lucas
quaternions as
Qn=F +iF1 + jFne2 + kFys (1.12)
and
Py =Ly +ilyys +jLlnsz + Kklpyis (1.13)
respectively. Ramirez [11] studied the combinatorial properties of the k —Fibonacci and

k —Lucas quaternions by using the properties of the k —Fibonacci and k —Lucas numbers.
Tan [12] proposed the bi-periodic Fibonacci quaternion Q,, as

Qn = Zl3=0 qn+i€, N =0, (1.14)

where g,, is the bi-periodic Fibonacci sequence(see [5]). Tan et al. [13] also presented the bi-
periodic Lucas quaternion P, as

Pn = Z?:O ln+lell n 2 01 (115)

where [, is the bi-periodic Lucas numbers(see [7]), and then they obtained generating
functions, the Binet formulas and some identities between bi-periodic Fibonacci and the bi-
periodic Lucas quaternions.

In this paper, motivated by the studies [9-18], we present the generating functions, the
Binet formulas, Catalan’s identity, Cassini’s identity and some new results for both the
modified generalized Fibonacci and modified generalized Lucas quaternions, which are
generalization of several studies in the literature such as [10-15], in Section 2 and 3. In the
final section, we give a concise conclusion.

2. MODIFIED GENERALIZED FIBONACCI QUATERNIONS
In this section, we define the modified generalized Fibonacci quaternion 0,,. We give

the generating function, the Binet formula and some significant identities for this quaternion.

Definition 2.1. For n € N, the modified generalized Fibonacci quaternion ©,, is defined by

0, = Zl3=0 Qn+i€ (2-1)
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where Q,, is the nth modified generalized Fibonacci numbers that is defined in (1.3).
Moreover, Eq. (2.1) can be reduced to several quaternions for the special cases of a, b, c and
d.
For example,
« if we take ¢ = d = 1, we obtain the bi-periodic Fibonacci quaternions in [12],
«ifwetake c =d = 1 and a = b = k, we obtain the k —Fibonacci quaternions in [11],
«if we take c = d = 1 and a = b = 2, we obtain the Pell Fibonacci quaternions in [14],
«if we take c = d = 2 and a = b = 1, we obtain the Jacobsthal quaternions in [15] and
«ifwetake c =d = 1 and a = b = 1, we obtain the Fibonacci quaternions in [10].

Theorem 2.2 The generating function for the modified generalized Fibonacci quaternion ©,
IS

00 +(01—bO,)t+(a—b)Ry (£)+(c—d)R,(t)
Gy == 1—bt—dt; = (2.2)

where

Ri(t) = eotf(t) +e1(f(t) —t) + e, (@ _ 1) e (f(t)—(t+t(;1b+d)t3))’

h(t) — at2>

R,(t) = eot?h(t) + e th(t) + eyh(t) + e3 < ,

t —ct3
1—(ab+d+c)t? + cdt*

f©) =

and

at?
1—(ab+d+c)t? + cdt?

h(t) =

Proof. We use formal power series representation in order to find the generating function of
0,,. Now we define

G(t) =Xm=0 Opt™ =0y + 01t + Yim_y O, t™. (2.3)
Note that,
btG(t) = Yo bOt™ L =¥ bO,,_1t™ = btOy + Y=y Oy _1t™ (2.4)
and
dt?G(t) = X _o dO,,tMT2 =¥> _ dO,,_,t™. (2.5)

Since Q,, satisfies the recurrence relations Q,,, = aQym—-1 + cQopm—> and Qupiq1 =
bQ,,, + dQ,,,—1, We obtain
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(1 - bt - dtz)G(t) = @0 + (@1 - b@o)t + Z‘?I?I,ZZ (@m - b@m_l - d@m_z)tm

where

and

and

= @0 + (@1 - b@o)t
+eo((a—Db)t Yoy Qomo1t®™ 1t 4+ (c = d)t* Tioy Qam—2t?™ %)
+e1((a—b) Xm=z Qom—1t*" "1+ (¢ — d)t Xgn=2 Q2m—2t*™ %)

+e; ((#) Ym=2 Qem-1t?" 1+ (c —d) X2 Q2m—2t2m_2>

+e3 ((at;zb) Ym=3 Qam-_1t*" 1 + (#) Ym=3 Q2m—2t2m_2>
=0y + (0, — bOy)t + eo((a — b)tf(t) + (c — d)t?h(1))

+e;((a=Db)(f(t) — ) + (c — D)th(t))

+eo () 0 - 0 + (e — Dh(o))

+es ((at;zb) (F(t) — t — (ab + d)t®) + (=) (h(H) - at2)>
=0y + (01 —bOy)t + (a — b)R,(t) + (¢ — IR, (D),

Ri(0) = eotf () + e (f(8) — ) + e (K2 — 1) 4 ¢, (L)),

t2

R,(t) = egt?h(t) + e th(t) + e;h(t) + e5 (h(t)t_atz)'

f() = Xm=1 Qam-1t>™ " and h(t) = X5-1 Qem—t*™ 2

On the other hand, the modified generalized Fibonacci numbers satisfy

Q2m-1 = bQzm—2 + dQ2m—3
= b(aQzm-3 + cQm-4) + AQ2m_3
(ab + d)Qzm—3 + bcQzm—s
(ab + d)Qzm-3 + cQam-3 — cdQzpm_s
= (ab +d + c)Qym-3 — cdQzm-—s, (2.6)

= aQym-3 + cQrm_4

= a(bQzm-4 + dQzm—s5) + cQzm-4

= (ab + c)Qzm-4 + adQzm_s

= (ab + c)Qzm-4 + dQym—s — cdQrm—¢

=(ab+d+c)Qym—s — cdQom_¢. (2.7)

QZm—Z

Using (2.6) and (2.7), we obtain

(1—(ab+d+c)t? +cdt®)f(t)
=t+(ab+d)t3—(ab+d+)t3
+Ym=3 (Qam—1 — (ab +d + ) Qzm_3 + cdQpp_5)t>™ 7,
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(1—(ab +d + c)t? + cdt*)h(t)
= at® + Y=z (Qam—z — (@b + d + ) Qpm—4 + cdQqp_)t*™ 2.

Rearranging the above expressions, we get

£t) = t—ct” and h(t) = at”
T 1-(ab+d+o)t2+cdtt T 1—(ab+d+o)t2+cdtt

Therefore, by using f(t), h(t), R,(t) and R,(t), we obtain the generating function of
0, as:

®0+(®1—b00)t+(a—b)R1(t)+(C—d)R2(t) (2 8)
1-bt—dt? ' '

G(t) =

Now, we derive the Binet formula of the modified generalized Fibonacci quaternion
by the help of the Binet formula of Q,,.

Theorem 2.3 For n € Ny, the Binet formula for the modified generalized Fibonacci
quaternion is

1 ag(n)algl (a+d—c)n—l%J—ﬁf(n)ﬁl%I (5+d_c)n—[§]
(ab)l%] a—ﬁ

n

, (2.9)

where

D - Tl e,
(ab)[TJ

Agmy = Li=o

and

§(1+1-§(n)) +1-§(n) +ém
ﬂf(n) = l3=0a(abll—+€(n)J(ﬁ+d—C)l 2 Jﬁl 2 Iel
2

Proof. By using the Binet formula of the modified generalized Fibonacci sequence, we can
write

_ 3
Ozn = Xi=o Q2n+1€1

a (an(a+d—c)n—ﬁn(ﬁ+d—c)n)

= €0ty a—p
1 a(a+d—c)" 1 -p(B+d—c)"*?
tey (ab)n ( a-B )

+e a (an+1(a+d—c)”+1—ﬁn+1([)’+d—c)"+1)
’ G +1 +‘§_B +1 42

1 a™(a+d—c)"2-pnti(B+d—c)" )
tes (ab)nt1 ( a-p

1 a(a+d-c)"

= @ oy (e0a+e1(a+d—c)+ez(

a(a+d-c)*\y 1 B"(B+d-o)"
+63 ( ab )) (ab)n a—-pB

aa(a+d—c))
ab

X (eqpa +
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+e,(B+d—c)+e, (—aﬁ(ﬁa;d_c)) + e5 (—ﬁ(md_c)z))

ab
1 aea™(a+d—c)*—Bo T (B+d-c)"
= o pr; : (2.10)
where
at® Samy
ay = (a+d—c)lz2lalzle
1=0 (ab)!z
and
il 1552 gl
Bo=z (B +d -0l Zlplle,
1=0 (ab) 2
Similarly, we can obtain
1 n( d— )n+1_ n( d— )n+1
Oppyy = " aja™(a+d—c a_?ﬁ’ B+d-c ’ 2.11)
where
{0 I+1
(¢4} 3 az+1(a+d—C)H l Jel
(ab)l J
and
0O} 1+1
B =T, “llﬂj(ﬁm—c)l g5 e,
(ab)
Combining the equations (2.10) and (2.11), we get
0. — 1 _ af(n)algl(a+d—c)n_lgl—ﬁf(n)ﬁlgl(ﬁ+d—c)n_lgl
"l a-p ’
where
E(1+1-E(n)) H1-§m)|  |L+Em)
Aem) = Z?=0 . ll+§(n) (a+d- C)I J l J
(ab)
and
El+1-¢(n)) 1+1-¢(n) I+
.Bf(n) = 213 0 z ll+§’(n)J (.8 +d - C)l J.Bl 2 I

(ab)
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In the following theorem we derive the Catalan’s identity with the help of the Binet
formula of Q,,. Furthermore, we give the Cassini’s identity which is the special case of the
Catalan’s identity for r = 1.

Theorem 2.4 (Catalan’s identity) For n,r € N, and r < n, we have the identity

Oz (n+m+0) O20n—ry+£()) — Onre(i)

—_o)$@ . .
:W[“f(i)ﬁf(i)((ab)z”f(‘)(cd)” (ab)2 O (cd)" (a+ ) )

+Beny ey ((ab)? 4@ (cd)™ — (ab)?+ D (cd)™ (@) )

a+d

where ag ;) and fg(;y are defined in Theorem 2.3 and i € {0,1}.

Proof. By using the Binet formula of the modified generalized Fibonacci quaternion, for i =
0, we get

G)2(n+r)@2(n—r) - G)%n

_ ( 1 0{0an+r(a+d—0)n+r—ﬁoﬁn+r(ﬁ+d—C)n+T)
(ab)n*T a-p
( 1 aoan‘r(a+d—c)n‘r—ﬁoﬁ”‘r(ﬁ+d—c)”‘r)
(ab)™—T a-p
_ ( 1 aoan(a+d—c)n—ﬁoﬁ”(ﬁ+d—c)n)2
(ab)™ a—p

= gy @@ B (@ +d =" (B+d )"
_an+rﬁn—r(a +d— C)n+r(ﬁ +d—c)" ")
+:30a0(anﬁn(a +d—-o)"(B+d—-o)"
n—rﬁn‘”(a +d— C)n—r (ﬁ +d— C)n+r))

= gy @oBo((@b)?" (cd)" — (ab) (cd)" (a+d) )
+Botto (@) (cd)" — (aby> (cd)™ (£22))). (2.12)

Similarly, fori = 1, we get

E')2(11+r)+1®2(n -r)+1 ®%n+1
= — e (@ (@) (cd)" — (@b ()" (£22))
+B1: ((ab)? 1 (cd)" — (ab)? 1 (cd)™ (E22) ). (213)

By combining the equations (2.12) and (2.13), we obtain

O2ner)+e@) O2(n-r+e) — G%n+f(i)

£ , , d
- W[a;@ﬁg@((ab)z HO(cd)™ — (ab)* O (cd) (‘,fid) )
. . r
+Bgy ey ((@b) >+ O (ca)™ — (ab)? O (cd)™ (£22) )],

where ag ;) and B ;) are defined in Theorem 2.3 and i € {0,1}.
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Corollary 2.5 (Cassini’s identity) For n € N,, we have the identity

O2n+1)+6@)O2(n-1)+0) — @§n+é’(i)

—c)§® . . +d
= iy 12 Bew (@) O (cd)™ — (ab) O (cd)" (525

+Bey ey ((ab)* D (cd)™ — (ab)>+H¢ O (ca)™ (ﬁi))]'

a+d

where ag ;) and B ;) are defined in Theorem 2.3 and i € {0,1}.
The matrix representation of the modified generalized Fibonacci quaternion can be
given in the following theorem.

Theorem 2.6 Letn > 1 be integer. Then

(®2n+i 92(n—1)+i) _ (02+i 0; )(ab +c+d 1)n_1

2.14
Ortms)+i Oznei —cd 0 (2.14)

Os1i B2y
where i € {0,1}.

Proof. We prove the theorem by induction on n. If n = 1 then the result is clear. Now we
assume that, for any integer k suchas 1 < k < n,

(92k+i @2(k—1)+i) _ (®2+i 0, ) (ab +c+d 1)k_1
Orks1)+i  O2kai O44i O34/ \—cd 0 '

Then, for n = k + 1, by using the identities (2.6) and (2.7) we get

<@2+i 0; > (ab +c+d 1)"

®4+i ®2+i —cd 0

:<92+i 0; )(ab+c+d 1)k_1(ab+c+d 1)

®4+i ®2+i —Cd O _Cd O
_ <92k+i 92(k—1)+i) (ab +c+d 1)
Ork+)+i O2k+i —cd 0

_(92(k+1)+i Ok +i )
Ork+2)+i  O2kr1)+i/’

where i € {0,1}. Therefore, the proof is completed.
3. MODIFIED GENERALIZED LUCAS QUATERNIONS

In this section, we define the modified generalized Lucas quaternion 9,,. We give the
generating function, the Binet formula and some important identities for this quaternion. The
theorems and results in this section can be proven similar to the results in Section 2. Hence,
we omit the proofs.
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Definition 3.1 For n € N, the modified generalized Lucas quaternion 9,, is defined by

= Zl3=0 Unsier, (3.1)

where U, is the modified generalized Lucas numbers that is defined in (1.4). Moreover, Eq.
(3.1) can be reduced to several quaternions for the special cases of a, b, c and d. For example,
« if we take ¢ = d = 1, we obtain the bi-periodic Lucas quaternions in [13],
«if we take c = d = 1 and a = b = k, we obtain the k —Lucas quaternions in [11],
«ifwe take c = d = 1 and a = b = 1, we obtain the Lucas quaternions in [10].

Theorem 3.2 The generating function for the modified generalized Lucas quaternion 9,, is

190+(191—a190)t+(b—a)R1(t)+(d—C)R2(t)

L(t) = 1—-at—ct? ’ (3.2

where

Ry () = eotf (t) + er(f(t) —at) + e, (@ B a)

te, (f(t) —at- (azi:ad+ac+a)t ),

Ry(t) = egt?h(t) + eyt (h(t) (d+1)) (h(t) (d+1))

te, <h(t) (d“) t(ab+d+1)t2>,

at+at3
f@ = 1-(ab+d+c)t?+cdt*

and

(d+1)+(ab+d+1)t2—(ab+d+c)(
1-(ab+d+c)t2+cdt?

d+1)

h(t) =

Theorem 3.3 For n € N, the Binet formula for the modified generalized Lucas quaternion is

9. — 1 ag(n)(a+d+1)a 2 J(a+d c)an ﬁg(n)(ﬁ+d+1)ﬁ 2 I([:’+d c)lnl (3 3)
" (ab)[nT_lJ a=p a=p ' .
where
. qE+Em) HEM)| [H1-Em)
AEn) = D=0 W(Q - C)l lal I
(ab)
and
EQ+EM)) LHEm)| |L+1- 5(n>
Bty = im0 ——mzey (B +d — C)l J = J
(ab)l 2 J
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In the following theorem we derive the Catalan’s identity with the help of the Binet
formula of U,,. Furthermore, we give the Cassini’s identity which is the special case of the
Catalan’s identity for r = 1.

Theorem 3.4 (Catalan’s identity) For n,r € Ny and r < n, we have the identity

Vonary+e@)V2tm-r)+£@) — 1922n+s‘(i)

(0O (a+d+1)(B+d+1)

B (ab)?"(a-p)? . |
X [az B iy ((ab)? 1740 (cd)n~ 15O
=&(i _ . +d T

N

+B iy @iy (@b) 214D (cdyr=1+ O
—¢( - 0 (B+a\"

— (ab)?2r+1-60 (cayr-1+0) (EX4)Ty)

a+d

where a; ;) and Bz ;, are defined in Theorem 3.3 and i € {0,1}.
Corollary 3.5 (Cassini’s identity) For n € N, we have the identity

2
V2t +e)V2m-n+&() — Vanseq)

(=)D (a+d+1)(f+d+1) N . iy _ -
= @b)2(a—p)? X [af(i)ﬁf(i)((ab)3 §D (cd)n1HE®

—&(i _148(0) (@+d . % £ g
—(ab)? E(l)(cd)n 1+8(D) (h)) +Bf(i)a§(i)((ab)3 f(t)(cd)n 1+&(i)

—(ab)3~ D (cd)n—1+® (’Z ::: 3))]'

where az ;) and S ;) are defined in Theorem 3.3 and i € {0,1}.

Theorem 3.6 Let n > 1 be integer. Then the modified generalized Lucas quaternion satisfies
the relation

U = Op_g + Opys. (3.4)

Proof. By considering the identity U,, = Q,,_1 + Qn+1, Which is given by the Theorem 20 in
[7], we can easily obtain the desired result.

Theorem 3.7 Let n > 1 be integer. Then
U2n+i Pam-1y+i) _ <t92+i 0; ) (ab +c+d 1)”‘1 35)
Votne)+i Voan+i Uari Uy \—cd o/ '

where i € {0,1}.

Proof. By considering the identities in Lemma 2 in [7], the proof can be made similar to the
Theorem 2.6.
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4. CONCLUSION

In this paper, we define the modified generalized Fibonacci and modified generalized
Lucas quaternions. These quaternions are the generalization of several studies in the literature
such as [10-15]. Moreover, we give the Catalan’s identity, Cassini’s identity and matrix
representations in more general form. Since our study both generalization of several studies in
the literature and includes some new results, it contributes to the literature by providing
essential information on the generalization of the quaternions.
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