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A SOLVABLE SYSTEM OF DIFFERENCE EQUATIONS

NEcCATI TASKARA, DURHASAN T. ToLLU, NOURESSADAT TOUAFEK,
AND YASIN YAZLIK

ABSTRACT. In this paper, we show that the system of difference equations

Qy571 + b(xn72ynfl)p_l afol + 6 (yn72mn71)p_1
y Yn = )

YTn—-1+ 53/51:%

Ty =
p—1
CYn—1+ dzn72

n € Ng where the parameters a, b, c,d, a, 8,7,0,p and the initial values
Tr_2, T_1, y—2, Yy—1 are real numbers, can be solved. Also, by using
obtained formulas, we study the asymptotic behaviour of well-defined
solutions of aforementioned system and describe the forbidden set of the
initial values. Our obtained results significantly extend and develop some
recent results in the literature.

1. Introduction and preliminaries

Studying solvability of non-linear difference equations and systems is a topic
of a great interest (see, e.g. [1,2,4-6,8,9,11,12,14-25,27,28] and as well as the
references therein). This is probably due to the necessity of applying different
methods for each type of non-linear equation. These methods are generally
based on that a non-linear equation reduces to a linear equation, by using
some suitable changes of variables. In the last decade, many researchers have
worked on non-linear difference equations that can be solved. A well-known
non-linear difference equation which can be solved is the equation

arp,—1+0b
1 n=— 7
(1) x CXp_1+d
where initial value x_; is a real number, which is called Riccati difference
equation. In the literature, there are so many studies on Eq. (1) (see, for
example [1,9,12,14,21,23,24]). In [15], Eq. (1) was generalized by McGrath
and Teixeira to the following equation

n € Ny,

2
azr; _q +bxn_oxn_1

(2) Ty = , n € Ng,

CTp—1 + dTp_2

Received November 15, 2018; Revised July 4, 2019; Accepted July 17, 2019.

2010 Mathematics Subject Classification. Primary 39A10, 39A20, 39A23.

Key words and phrases. Difference equations, solution in closed-form, forbidden set, as-
ymptotic behaviour.

(©2020 Korean Mathematical Society

301



302 N. TASKARA, D. T. TOLLU, N. TOUAFEK, AND Y. YAZLIK

where the parameters a, b, ¢, d and the initial values x_5, x_1 are real numbers.
The authors solved Eq. (2) and investigated the existence and behavior of the
solutions of Eq. (2) by using some known results. Also, [14], Eq. (1) was
extended to the following two-dimensional system of difference equation
aYp—1 +b aTp—1+0b

(3) = CYn—1 +d7 Yn = an,1+d7 nEN()’
where a,b,c,d are real numbers with ¢ # 0 and ad — bc # 0. The solution
formulas of the system (3) were proved by induction.

A natural problem is to extend a two dimensional relative of Eq. (2) solvable
in closed form. In this paper, we will consider such a system. That is, we show
that the following system of difference equations

-1 ar? _ +B(Yn—2Tn—-1)P""

YTp_1+0yR

(4) - ay? _ +b(xn_2yn—1)?
" Cyn71+dz2112

y Yn = , M€ NO>

where the parameters a, b, ¢, d, a, 3,7, §, p and the initial values x_o, x_1, y_o,
y_1 are real numbers, can be solved. Also, by using the obtained formulas we
study the asymptotic behaviour of well-defined solutions of system (4). Note
that by using some transformation, the system (4) can be reduced to the system
(3). The system (4) can be extended to the system

p -1 -1

(5) _ ayn,k‘i’b(zn—(kﬁ»l)yn—k)p

axi,l+ﬁ(yn,f(k+1)zn—l)p
Ty = Tde? 1
CYn—k xn—(k«l»l)

VEn—1+8Y" {0

,nENo.

y Yn =

However, to simplify the calculations, we restricted our work to the system (4).

It is not hard to see, that if in (5), we take, p=2,y_; =2_;, i1 =0,..., k+1
and a particular choice of the parameters a, b, ¢, d, o, 3, 7, J, then for [ = k,
we get a special case of the equation

bxn—kxnf(kwkl)
CTn_g + dTp_(py1)

Ty = AQTp_k +

The solutions of this last equation have been studied in [25]. Besides, there are
also studies about dynamics of non-linear difference equations and systems (see
[3,10,13,26]). In the analysis of solutions of a difference equation or a system,
the matter of existence of solutions is of prime importance as such in differential
equations. Before giving our main results, we recall the following definition
which states the set of initial values which yields undefinable solutions. In
our investigation, we are inspired by the ideas and the technics of calculations
presented in some of the references given in the end of this work, for example
[7,19,20,25].

Definition. Consider the following system of difference equations

(6) xn:fl(In—laIn—Qayn—layn—Q)7 yn:fQ(zn—lvIn—2ayn—17yn—2)7 TLENO,

where the initial values x_s,z_1,y_2,y_1 are real numbers and D; and D, are
domains of the functions f; and fs, respectively. The forbidden set of system
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(6) is given by
F= {(3372790—171/—272/71) €RY: (w;,y;) € Dy x Dy for i =0,1,...,n—1,

and (xnyyn) ¢ Dl X DQ}-

2. Main results

In this section we prove our main results in which we give closed formulas
for the well-defined solutions of the system (4). To start, we have the following
observation.

Lemma 2.1. Let {(zn,yn)}n>—2 be a well-defined solution of the system (4).
Then it satisfies

Tpyn Z0, n>—1.

Proof. If we suppose that there exists ng > —1 such that z,, = 0, then we
have
aﬁfw + B(yn()*lxno )pil

Yno+1 = — =0.
" 'Ymno + 5:1]20_11

Therefore, the term x,,2 is undefinable. Similarly, if we suppose that there
exists ng > —1, such that y,, = 0, then we have

a’ygo + b(xno—lyno )pil

p—1
nofl

=0.

Tno+1 =
CYn, + dz

Therefore, the term yy,+2 is undefinable. O

As for the case when z_s = 0 or y_o = 0. First, consider the system (4)
with acayr_1y_1 # 0 and x_sy_o = 0. Then, we have one of the cases

P p—1
ar’ | + By—2x7

_ @ p-1 _
xo—;yq»yo— )

yr_y+ 0yt

a «

_ p—1 _ p—1

To=~"Y_ 1, Yo= _—T_4
c Y

or
D p—1
ay”, + Br_oy o

ZTo = — y Yo = —T_4q -
Yy_1 + 6x1121 o

For the next terms, the condition x,y, # 0 is satisfied. Therefore, without loss
of generality, we can suppose x_sy_o # 0.
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2.1. Solvability of the system (4)

Consider the system (4) such that x_sy_o # 0. We rearrange the system
(4) as follows:

Yn—1 b Tp—1
(7) e WA R +h heN
R A B -
n—2 n—2
Putting
z Y
(8) Up = pfl’ Uy, = pﬁl’ n>—]_’
Yn—1 Lpn—1
we get
avp—1+0b oUp_1 +
9 Up = ————, tp = ————, n € No.
( ) n CUp—1 +d’ n Yyt —|—(5’ 0
So
(10)  wn = (ac+by) un—2 +af + b6 . (aa+cB) vy +ba+df CN.

(ca+ dy) tup—2 +cB+dS’ (ay +c6)vy_o+by+ds’

If we apply the decomposition of indices n — 2m +1i,7 € {—1,0}, to (10), then
it becomes

(aa + by) ug(m—1y+i + aB + b3 v o (a4 ¢f3) va(m—1)+i + ba +df
(ca+ dy) uam—1)+i + cB + dd’ 2t (ay + ¢6) Va(m—1)4i + by +db’

(11) Uo2m+i =
m € N, which are first-order 2—equations. Let ug;,y; = usyil), Vom4i = U,(,i)
for m € Ny and ¢ € {—1,0}. Then, equations in (11) can be written as the
following

(12) W = @by Faf b eN
" (ca+dy) qu?q +cB+ds 7

(4)
+ +ba+d
) _ (aa + ¢B) v, + ba + df meN,

(a7 + o) v,g?_l +by+ds

(13) v

i

which is essentially in the form of Riccati difference equation. Suppose that
ca+dy,ay+c¢d#0
and
(ace + by)(eB + dd) — (af + bd)(ca + dv) # 0,
(aa + ¢B)(by + dd) — (ay + ¢d)(ba + d5) # 0.
If we use the change of variables

u(i):aa+b’y+cﬁ+dér 7 B+ dé m € No,

14 m )
(14) m ca + dry ca + dry
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in Eq. (12), and
, b dé by + do
(15) o) 2 daXbyrefrd by dd
ay + ¢ ay+ ¢

in Eq. (13), then equations in (12) and (13) are transformed into the following
equations

—R — —R m—
(16) rm:L7 sm:L,meN,

Tm—1 Sm—1
where R = % The equations in (16) can be transformed into the
following equations

(17) Zmt1 = Zm — Rzm—1, m € N,

and

(18) Zm41l = 2m — RzZm—1 m €N,

by means of the change of variables r,, = % with the initial values zp = 1
and 21 = 79 and s, = % with the initial values zp = 1 and z; = 3o,

respectively. If Ay and Ag are the complex roots of the characteristic equation
of (17) and (18), which has the form A2 — X\ + R = 0, the general solutions of
equations in (17) and (18) are

To — A2 A1 —To
19 m = )\m 7n7 N ,
(19) o= (R252)a0 + (R0 ) M me o
~ S0 — )\2 )\1 — S0
20 = AT m No,
20) : (M—&) 1+<A1—A2> 2 e
when 1 —4R # 0, and
1 m
(21) Zm = 1+ (2ro — 1) m) (2> , m € Ny,
~ "
(22) Zm = (14 (259 — 1) m) <2> , m € Ny,
when 1 —4R = 0. By substituting (19) and (21) into r,,, = =2, (20) and (22)
into s, = E’antl respectively, we get

(7‘0 — )\2) /\§n+1 + )\1 —To )\m+1

( )
23 = . m e N,
( ) " (T‘o - /\2) /\in + ()\1 ’I“o) m 0
(50 — )\2) )\71n+1 + (/\1 — 50) /\m+1
24 m = , m € Np,
(24) s (s0 = A2) AT + (A1 — s0) A " 0

when R # i, and

14+ 2ro—1)(m+1)
25 = , m € No,
(25) " 2+ (drg—2)m 50
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1+ (2s0—1)(m+1)
(26) Sm = 2+ (480 — 2)m , m € Np,
when R = i. Consequently,
o A (Blu((f) 40— AQA) AL (A)\l Byuf” cl) At
b (Blug;) 40— AQA) AT 4 (A)\l Byuf” 01) AP
g A (B G ()
U/ = 5~ ;
By (BQUOL) 40— A)\g) (AAl Byl — 02) A
when R # i, and
oA (At (gglug“ 120, — A) m+1)\ ¢
(29) um ; T o
Bi\ o4+ (4Blu§;> 140, — 2A) m By
A+ (2B30f) +2C5 - A) (m+1
(30) W)= o FER A D) o
Ba \ 244 (4Bnf) +4C5 — 24) m By
when R = i, that is
A (Bl AT +C1—A2A AT+ <AA1 —-B; ;”1‘1 —cl),\g‘+1
(31)  ugmps = o~ _
By <31 SEEC N )\2A> <AA1 By iy —01>Ag“
viy T
A (132 P +C02= A2 A | AT 4 <A>\ >,\;"+1
(32) Vomti = —— - -
By (132 i+ O~ AA2>>J"+<A>\1 B>~ )A;"
7 1

when R # i, and

A+ (231 o0

+QC’1A) (m+1)

+202A> (m+1)

A i—1
(33) U2m+i = ?
Ll 24+ (4131 L
. | A A+ <232 P
Vom+i = B2

p—1

2A + <4B2 x”

—+ 402 — 2A> m

Ea

_ &
By’

G

1
By’
2
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when R = 7vvhereA =aa+by+cB+dj, By = ca+dy, C; =B+ dd,
By =ay+ 06 Cy = by +dod for i € {—1,0}. From (8), we have that
2

(35) Tom—1 = Uzm—1Yhm o = Um—1Vhm" 233%1:” 1?5 , meN,

Tom = U2my2m 1= u2m”2m1 1$gn 1)2 , m € No,
and
(36) Yoam—1 = U2m-1$g,_n1_2 V2m— w’iml nglrjn 1% , meN,

2
Yom = UmeIQ)ml 1= U2mug’m lygfn 1% , M e N07

from which it follows that

om
(p—1)2(m+1+0) (p—1)@mH1=28) () 1y(2m=2k)
(37) Tamt+i = T_g_; H u

2k—1+1 2k+1i
k=—i
and
m
(p 1)2(7n+1+z) (p_l)(27n+172k) (p_l)(2m72k)
(38) Yom+i = Y o H Ugg—1+i Ukt )
k=—1

where m € Nand i € {—1,0}. Using (31)-(34) into (37) and (38), the formulas
of solutions of system (4) are obtained.

2.2. Special cases

In this part, we give the formulas of the solution of the system (4) in some
special cases concerning the parameters a, b, ¢, d, o, 8,7,5. We have the follow-
ing results:

o If (ac + by) (¢ + dd)—(aB + bd) (ca + dy) = 0 and (ac + ¢fB) (by + d9)
— (ba + dp) (ay + ¢d) = 0, from (10), (37) and (38), we can write the
solution of the system (4) as follows:

m (
(p— 1)2(m+1+z) ac + ¢ff
=—1

p_l)(2m+172k)

ao + by (p—1)@m =20
ca + dy ’

(p_l)(2m+172k)

m (p_l)(2m72k)
_ L (p—1)POmD H aa + by aa + cff
Yameti = Yoo o \ea+dy ay + ¢ ’
where ay 4+ ¢d #0, ca+dy #0, m € Nand i€ {-1,0}.

o Ifaa +by +cB+d6 =0, an+cf+by+ds =0, u; # — L+ ang

v # — iji‘ig for i € {—1,0}, then the solutions (uy), >, and (v,),>
are periodic with period four.
e If c =+ =0 and dd # 0, then the equations in (10) reduce to second

order linear difference equations

aa n aff + bo ax n ba + dg
s 2 4o T2 do

(39)  w,= , meN.
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from which it follows that

_[aa\™ af +bd (w)kfl
u2m+i—<$) u; + s < aa )

) ba + df ("f) 1
(G, et d5)
v = (5) v+ =5 < aa )
m € Nand i € {—1,0}, if 4% # 1, and
. aﬁ—i—bé
(41) 2m—+i — UWg d(5 m,
" N ba+d5
2m—+i — Ug d(5 m,

m € N and i € {—1,0}, if 93 = 1. Using formulas (40) and (41), for
U2m+is Vamti, M € N, i € {—1,0}, in (37) and (38), we can write

(p 1)2('m+1+b)
x2m+z — CL’_2 —q

aaNktiy o ;  ba+dp [ (%2 )k—H—l
XH(( ) x112£¢+ ds < aa _

k=—1i dé

(p_l)(2m+172k:)

k (p—1)@m+1-2k)
y (%)k z; +0¢ﬂ+b§ (%) -1
dé yf’:ll dé o ’

(p—1)2(m+1+4)
Yom+i = Y_o_;

y H <(aa)k+z zpllz+aﬁd—gb6 (( )’““—1))

k=—i —2—1 do

aca\k y; ba + dp (ﬂ)k—l
() ()

(pil)(2m+1—2k)

(p—1)(@m+1-2k)

s
m € Nand ¢ € {—1,0}, if 4% # 1, and

2mt 1) o Y_1—i ba + dp .
T2m+41i = x(_g 2 H ( p—1 + (k+7’)

k=—i \T—2—i do

(p_ 1)(2'm+1 —2k)

(pil)(2m+1—2lc)

x; af + bd
X (y’.’_l + 7 l<:> ,

1—1

(pil)(2m+1—2k)

D2(mtitd) o T_1—i af+bd .
y27n+7 — y(pQ 7,) H <yp51 . + d(s (k + 7’))
k=—1 —<t
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(pil)(2m+l—2k)

o Yi n ba + dﬁk

2P~ 1 dé ’

mENandZG{fl,O} if o3 = 1.

3. Forbidden set

In this section, we determine the forbidden set of the initial values for the
system (4) via the following theorem.

Theorem 3.1. The forbidden set of the initial values for the system (4) is
given by the set

T_ “n 1)
F = { (T2, 2_1,y—2,y-1) ER* :x_1y_1 =0 or yT—ll =(fog) (‘) ;

9 Y
r—1 —n d5+b’Y Yy-1 -n g
0r7y€51_(fog) ( 05+a7>70r .’L'Zi_Ql_(gOf) c , 0T,
Y-1 —n dé + cB
) L —gon (- )}
) dy +co
where
(foa)™ (1) A (Bit+Cnad) T - (A + Btk G )N g
g = —= - =,
Bi (Bit+Ci+aA) X — (AN +Bit+C) g B
Bot 4 Co + X A) N0 — (AN, + Bot + Co ) AITE &
(g0 )" (1) (Bt + Gt L <
go = = —
Bo (Bgt—‘ng +A)\2) (A)\l +Bgt+0) By

when R # 1, and

oo A —A+ (2Bt 420+ 4) (n+ )\ G
) g = —= — — - =,
By \ —24+ (43115 +4C, + 2A> n B

oy A A+ (2§2t 120, + A) n+1)\ G
g O = — — — — =
By \ —24+ (4th +4C, + 2A) n By

when R = , where A = aa + by + ¢ + df, By = ay + ¢é, Ci=— (acae + ¢B),
By =ca+ d’y, Cy = — (ac + by).
Proof. First, from Lemma 2.1, we conclude that if z_1y_; = 0, then the value

of x,y, is undefinable for n > 1. Second, if x,y, # 0 for n > —2, then note
that the system (4) is undefined, if one of the following conditions

(43) CYn—1+ dmﬁilz =0, YTp_1-+ 5yn 5 =0, neNy
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is satisfied. By taking into account the change of variables (8), we can write
the corresponding conditions

) d
(44) Up1=——, VUp_1=——, n € Np.
0 c

Therefore, we can determine the forbidden set of the initial values for the
system (4) by using Eq. (9). We know that the statements

(45) Uzn—1 = (fo9)" (u-1),
(46) Uzn = (fog)" o f(u-1),
(47) van—1 = (go f)" (v-1),
(48) van = (g0 f)" og(v_1),
where
fla) =20 and g (@) = 22

characterize the solutions of Eq. (9). By using the conditions (44) and the
statements (45)-(48), we have

(49) u1=(fog) " <j) :
wa=fo(on) " (<L) = (fe o (<2)
(50) - (f;j:i%) Y

va=glo(gof) " (_d> —(gof)y "oyt <_d>

=(go )" (

_do+cB
dvy + ca

where ¢y # 0 and a +d # 0 # o+ J. Also, let us indicate that the backward

solutions of Eq. (9) are the forward solutions of the system

(52)

(53) tn=(fo9) " (ta=1)s Ta = (g0 /)" (fa-1), n € No,
which corresponds the system
~ o) ty— b5 ~  —(by+dd)t,_o+batd
(54) t, = BT tnatafthd 7 — byt d))bnatbatds |

(ca+dy) ty_o—(aa+by)’ (ay+cd) tp—o—(aa+cpB)
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By following the procedure used to solve the system (4), one can obtain the
solution

_—A (§1t¢+61+)\2,4) Xlwrl_ (A)q +§1ti+61) At c
(55)  tomqs = ?1 (Elti+51+>\2A) )‘11“7<A)‘1+§1t1‘+6~‘1) D _§17

1

" —A (éga + 52 + )\QA) >\§n+1 — (A)\l + Ega + 62) )\gwrl 6*2
(56) t2m+i = = —_—

By (Eg%} +Cy+ AAQ) AT — (A)\l + Boly + 5*2) zp B

when R # i, and

a4 [-A+ (2J§1ti +2C, + A) (m+1) ,

(57) t2m+i = = P P =
By \ —24+ (4311:1- +4C, + ZA) m B

4 [ —A+(2Bot; +2C5 + A) (m+ 1) =
(58) t27,L+i - = ( ) - @

)

™)

94+ (41_?2?1- +4C, + QA) m B,

when R = 1, for i € {—1,0}, where A = aa + by + ¢f8 + do, By = ay + ¢6,
Cy = —(aa+¢B), Bs = ca+ dvy, Cy = — (aa+ by). By applying (49)-(52)
and the change of variables (8) to (55)-(58), we obtain the result in (42). O

4. Long-term behavior of solutions in the case p = 2

In this section, we determine the asymptotic behavior of the solutions of the
system (4) when p = 2. In this case, the system (4) becomes

2 2
ayn_1 +bxp_oyn— ax; 1+ —9Tp—
(59) T, = Yn—1 n—2Yn 1’ = n—1 ﬂynin’neNO.
CYn—1 + dmn—? VYTn—1 + 6yn—2
The solution of the system (59) is given by
(BQM +Cy— A2A> A1
T_2-4
m F [ An — By 22l oy ) AR
A T_o_y 2 Co
k=i | 72 (BQb +Cy— AQA) At 2
R

+ <A/\1 — By 02) Abt

T—2—j
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(31 yxi +C1 - A)\2> AR
i—1

k+1
(60) < |5 Sl
! (Bl + Cl A)\2> /\ 1
Yi—
(AM ) /\
(le 1=i +Ci — ) k+1+7
Y—2—i
m <A/\1 ))\k+1+1
Yom+i = Y—2—i H A
m—+i — Y—-2—1i
i By (B1x 1—i +Cl - 214 /\]erz B1
Y—2—i
-+ (A)\l - B To1-i — Cl) )\l2€+i
Y—2—i
(B + CQ /\k+1
T 1
_ Yi k+1
A " (A/\l B Ti—1 02) Ad Cy
(61) | A G
2 (Bz Yip oy A2A> A P2
Li—1

+ (A>\1 B L - Cg) Ak
Tij—1
when R # i, and

Toam+ti = T—2—4

. ﬁ (AA+(232§‘;‘j+202—A)(k+1+¢) cg)

e \ 2 2A+(4Bzgj—;j;+4c2—2,4) (k+i) B2

A A+ (2B10) 25 +20 - A) k+1) g
(62) X (Bl 24+ <4B - 2A> - Bl) 5

Yom+i = Y-2—i

Bi g4+ (431% 440 — 2,4) h+i) B

—A) (k+1) 02>

k=—1i

(63) X(z‘l’”(

By 2A+(

) By
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when R = i, where A = aa + by + ¢+ dd, By = ca + dv, C; = ¢B + dé,

By =ay+cd, Co =by+dd for i € {—1,0} and m € Ny.

Theorem 4.1. Assume that {(Tn,Yn)}n>—2 is a well-defined solution of the

_ (be—ad)(By—ad) 1 MNA-CL AjA—Co -
system (4), R = (o T arae 7 1 e 7 B o ma 7 B o L=

%ﬁcl and M; := Aj‘}gcz fori e {—1,0} and j € {1,2}. Then the following

statements are true.

(a) If [A\1] > |A2] and |M1Ly| < 1, then x,, — 0 and y, — 0 as n — oo.

(b) If |A\1] > |Xe| and |MiL4| > 1, then |z,| — oo and |y,| — oo as
n — oo.

(€) If [M| > |A2| and MLy =1, then (xy,),~_o and (Yn),~_o are conver-
gent. a a

(d) If |A1] > |A2] and M Ly = —1, then (Tan+i),>_1 and (Yon+i),>_1, for
i € {—1,0}, are convergent. - N

(e) If |A2| > |A1| and |MaLo| < 1, then x, — 0 and y, — 0 as n — oo.

(£) If |X2| > M| and |MaLs| > 1, then |z,| — oo and |y,| — oo as
n — oo.

(g8) If |X2| > |M1]| and MaLo =1, then (x4,),~_o and (Yn),~_o are conver-
gent. a a

(h) If |A2| > |M1| and MaLy = —1, then (x2n+i)n2_1 and (y2n+i)n2—17 for

i € {—1,0}, are convergent.

Proof. Let
Y-1—i my+1+1
(B27 + Cy — )\2A> AY +
T2
Y—1—i my+1+i
AN — B — :
ai _ A ( A 2507271‘ 02> /\2 Cy
m1 — | B . ] T B
B2 (B2 Y—-1—i +02 _ )\214) )\;n1+1_‘_ BZ
T2
Y-1-i mi+i
(A)\l — By¥—— — CQ> AS
T—2—j
<31 Yo - A/\g) Aty
Yi—1
(AA1 —B U cl) At
(64) « | A Yiz1 4
B i m B
! <Bl ° +017A/\2) PUENE !
Yi—1
z; m
(A)\l — B — Cl) Ag
Yi—-1
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and
(317‘”*1*"‘ 10— )\2A> At
Y-2—i
L—1—i mi+1+1i
A\ — B - '
A ( Mo Y—2—i Cl) te G
m1 — | B ) ] T
By (Bl T_1-4 to - )\QA) AT1+1+ By
Y—2—i
(A)\l B Bliﬂ—l—i _ C1> /\;mﬂ'
Y—2—i
(32 Iyi Oy — )\2A) APty
Ti1
AN — Bl oy ) At
A Ti—1 2 CQ
(65) | 5 : -5
2 (B%i +Cy— AQA) A4 2
i1

(AAl B cg) AP

Ti—1

for m; € Ny and ¢ € {—1,0}. Then if |A] > |X2|, we get that for each
i€ {-1,0}

mi—oo 1 my—00 B, By

From (60), (61) and (66), the results follow from the assumptions in (a) and
(b). For each ¢ € {—1,0} and a sufficiently large m; we can write

A AN =By 3 ==t —Cs A\ TLFE
cy, At 1 BTl —004 ) \ M

m By Bs AN =By ==t 0y
14+ T
Bzﬁ-‘rCz—)\zA
B, i 1
p o (B O (et
- c, AP\ BT FOxA 1
X _—— — - =
(67) B * B AM =B —-C mi
1+ _ Yi—1 2
Bly;%lJrCQf/\QA 1

by
Cy AN A [AM = Bo== - Oy Ao\ T
= _724_714_7 Ty —2— </\2_)\1) A2

By By By BQE + Cy — XA

xR

>

C:  AX A (AN =B -Gy PN
X —714-71—"-7 = Yiz ()\2—)\1) 22
By By B \BiZE+Ci— XA A1

Yi—1
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2m
Ao !
@
i <A1> >
AN - Byl AN — By -
=ML, + (/\2) . — 2 +% 11. Lyis
/\1 BQ ! +CQ )\QA Bl Bl yi_'”l +Cl — )\QA

o ()0 (2)

and
At AN =By ==t =01\ gy \mtlti
~ Ch A 1A 3172:17i+017)\214 (/\71>
al = |-+ = -
my ‘B1 -B1 . AN —B e T_1—4 —C, N m1ti
* Blz:; 1JrC'z AzA (Tl>
AN — Bgz i —02 Ao mi+1
Mt g ) (2
02 A Bz/iilJrCQ A2 A A1
(68) X

>

_EQ + B2 1+ AXi— 2 i 5 mi
Bg y'L +C2 A2 A

A
_ _g n A)\l n i A)\l —3127;7: — 2)m1+i
B1 B2 Bl Bl% + Cl 1

A)\1

My (20 AN - Biie
= LMy + ( (AT) B ’f/:: +C1 — XA + B2 Ao A
A A\

From (60), (61), (67) and (68), the results in (c) and (d) can be seen easily.
The proofs of the statements (e)-(h) are similar with those of (a)-(d) and thus
they are omitted. O

Theorem 4.2. Assume that {(Tn,Yn) tn>—2 is a well-defined solution of the

system (4), R = % =1 0, yo; #0foriec{-1,0}, A=
aax+by+cf+ds, By = ca+dy, Cy = cB+dd, Bos = ay+cd and Cy = by+dJd.
Then the following statements are true.

(a) If|%|<l, then x, — 0 and y, — 0 as n — oo.
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(b) If|M| > 1, then |z,| = 0o and |yn| — 00 as n — oo.
(c) ]f|w| 1 and U260A=2C3) o yhen 2| = oo and

4B1 B2 2AA Ci1— Cz)
|yn| — o0 as n — co.
A—2C1)(A— - -
(d) If |%| =1 and % < 0, then z, — 0 and

Yn — 0 as n — oo.

Proof. If R = % = 1, then we get Ay = Ay = 1. Let

A A+ (2Bl 420 - A) i+ 140) g,

binl = | — _ 2
By 94 4 (432;’%;; L AC, — 2A) (my+i) B
) (aar (281 — A) (ma +1) o
Bi g4+ ( - 2A) m, B
and
/b\i B AA‘F(QBI%‘FQCI_A)(ml‘Fl"'Z)_g
Mo\ Broay (431% +40 = 24) (my+0) B
(70) X At A)m+1) g
By 24 + ( ) mi Bs

for every m € Ny and ¢ € {—1,0}. If at least one of coefficients of m; is different
from 0, then we have

L (A0 (A-20) -
(71) i Uy = 1B, B, = O,
for each i € {~1,0}. Otherwise, when % = A2§101 and == = AQJECQ for

i € {—1,0}, directly we get equivalent in (71). From (64), (65) and (71), the
results follow from the assumptions in (a) and (b). Now we consider the other
cases. For each i € {—1,0} and sufficiently large m;, we obtain

L Cy A (1 1 1
boo=b o= (-2 A2y o 1
e (Bz+32( +2m1+0<m%>)>
c, A 1 1
(- BﬁBl( i)
_ (A-20 Nas
N 2B, 232m1 mf

W (A2, A Lo
231 231m1 m?




(72)
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2A(A—C1—C3)
_(A-20)(A-20) (|| Tsontecs | (1
- 4B, B, m i

1

1
(A—201)(A—2C) 2
2A(A-C1—C,) 1 m

=+ (1+

1 1
:teXp (A—ch)(A_QCQ) +O <"’n2>
2A(A-C1—C,) h 1

From (69), (70) and (72) by using the fact that X7"L, (1/j1) — oo as my — oo,
then the statements are easily obtained. O

5. Conclusion

We mainly conclude from this study that the system (4) can be solved in
closed form by means of Eq. (1) of Riccati type. Also, we investigated some
special cases of the system (4) corresponding to necessary restrictions of the
change of variables used in solving of Eq. (1). Moreover, we studied existence

and
syst

long-term behavior in the case p = 2 of the solutions. Since the present
em is a two dimensional natural extension to Eq. (2), we extended the

results in [15].
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