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On the System of Difference Equations
xn =

xn−2yn−3

yn−1(an+bnxn−2yn−3)
, yn =

yn−2xn−3

xn−1(αn+βnyn−2xn−3)
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Abstract. In this paper, we show that the system of difference equa-
tions

xn =
xn−2yn−3

yn−1 (an + bnxn−2yn−3)
, yn =

yn−2xn−3

xn−1 (αn + βnyn−2xn−3)
, n ∈ N0,

where the sequences ∀n ∈ N0, (an) , (bn) , (αn) , (βn) and the initial val-
ues x−j , y−j , j ∈ {1, 2, 3} are non-zero real numbers, can be solved in the
closed form. For the case when all the sequences (an) , (bn) , (αn) , (βn)
are constant we describe the asymptotic behavior and periodicity of
solutions of above system is also investigated.
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1. Introduction

Recently, there has been published quite a lot of studies concerning non-
linear difference equations. One can see this in the sample references [3,
4, 9, 11, 17, 18, 23, 26, 27, 29, 30, 35]. In the meanwhile, the main trend
in the theory of difference equations is to expand to two-dimensional
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or three-dimensional systems of these equations which can be solved in
closed-form. See, for example [2, 6, 8,10, 13, 21, 28, 31, 34, 36, 39]. Al-
tough difference equations and difference equations system are very sim-
ple in the form, they are highly difficult to characterize the behavior of
the solutions of these equations and systems. Therefore, the study of
these equations and systems is worth further consideration.

In an earlier paper, Ibrahim et al. in [16] studied the solutions of the
rational difference equation

xn+1 =
xn−1xn−2

xn (an + bnxn−1xn−2)
, n ∈ N0, (1)

where (an)n∈N0
and (bn)n∈N0

are real two-periodic sequences and ini-
tial values x−2, x−1, x0 are nonzero real numbers. Quite recently in [1],
Ahmed et al. investigated the periodic character and the form of the
solutions of some rational difference equations systems of order-three

xn+1 =
xn−1yn−2

yn (−1± 1xn−1yn−2)
, yn+1 =

yn−1xn−2
xn (±1± yn−1xn−2)

, n ∈ N0,

(2)
by induction with x−2, x−1, x0, y−2, y−1, and y0, are nonzero real num-
bers. When the assumption of xn = yn and x−2 = y−2, x−1 = y−1, x0 =
y0 in system (2), system (2) is reduced special case of Eq. (1).

Our aim in this study is to show that the following difference equations
system

xn =
xn−2yn−3

yn−1 (an + bnxn−2yn−3)
, yn =

yn−2xn−3
xn−1 (αn + βnyn−2xn−3)

, n ∈ N0,

(3)
where the sequences (an)n∈N0

, (bn)n∈N0
, (αn)n∈N0

, (βn)n∈N0
and the ini-

tial values x−j , y−j , j ∈ {1, 2, 3} are non-zero real numbers, can be solved
in closed-form. To do this, we employ appropriate transformation reduc-
ing the equation into linear difference equation of order-two. Also, we
obtain the forbidden set of the initial values x−j , y−j , j ∈ {1, 2, 3} for
aforementioned system and give a study of the long-term behavior of its
solutions when all the sequences (an) , (bn) , (αn) , (βn), for every n ∈ N0,
are constant. We emphasize that our study generalizes the results ex-
hibited in [1].
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For more works on the topic, see, for example, [5, 14, 15, 19, 22, 24, 25,
32, 33, 37, 38, 40 ]. Also, see the books [7, 12, 20].

Definition 1.1. (Periodicity) Let (xn, yn)n−3 be solution to difference
equation system (3). The solution (xn, yn)n−3 is said to be eventually
periodic p if xn+p = xn, yn+p = yn for all n  n0. If n0 = −3 is said
that the solution is periodic with period p.

Lemma 1.2. (See [7]) Let (an)n∈N0
and (bn)n∈N0

be two sequences of
real numbers and the sequences y2m+i, i ∈ {0, 1}, be solutions of the
equations

y2m+i = a2m+iy2(m−1)+i + b2m+i, m ∈ N0. (4)

Then, for each fixed i ∈ {0, 1} and m  −1, equation (4) has the general
solution

y2m+i = y−2+i

m

j=0

a2j+i +
m

l=0

b2l+i

m

j=l+1

a2j+i.

Further, if (an)n∈N0
and (bn)n∈N0

are constant and i ∈ {0, 1}, then

y2m+i =


am+1y−2+i + b1−a

m+1

1−a , if a = 1,
y−2+i + b (m+ 1) , if a = 1.

Definition 1.3. (Forbidden Set) Let

xn+1 = f (xn, xn−1, xn−2, yn, yn−1, yn−2) ,

yn+1 = g (xn, xn−1, xn−2, yn, yn−1, yn−2) , n ∈ N0, (5)

where f : R6 → R and g : R6 → R is given functions, be a system of
difference equations and Df and Dg be the domains of the functions f
and g, respectively. The forbidden set of system (5) is given by

F =

(x−2, x−1, x0, y−2, y−1, y0) ∈ R6 : (xi, yi) ∈ Df ×Dg

for i = 0, n− 1, and (xn, yn) ∈ Df ×Dg


. (6)

This set contains all the initial values which causes the undefinable
solutions of the system. That is, the initial values chosen from the com-
plement of the forbidden set always produce the well-defined solutions.
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2. Closed-Form Solutions of System (3)

Let {(xn, yn)}n−3 be a solution of system (3). If at least one of the
initial values x−i, y−i, i = 1, 2, 3, is equal to zero, then the solution of
system (3) is not defined. For example, if x−3 = 0, then y0 = 0 and so
x1 is not defined. Similarly, if y−3 = 0, then x0 = 0 and so y1 is not
defined. For i = 1, 2, the other cases are similar. On the other hand, if
xn0 = 0 (n0 ∈ N0), xn = 0, for −3  n  n0 − 1, and xk and yk are
defined for −3  k  n0 − 1, then according to the first equation in (3)
we get that yn0−3 = 0. If n0 − 3  −1, then y−i0 = 0, for i0 ∈ {1, 2, 3}.
If n0 > 2, then according to the second equation in (3) we have that
yn0−5 = 0. If n0 − 5  −1, then y−i0 = 0, for i0 ∈ {1, 2, 3}. Repeating
this procedure, we have that y−i0 = 0, for i0 ∈ {1, 2, 3}. Similarly, if
yn1 = 0 (n1 ∈ N0), yn = 0, for −3  n  n1 − 1, and xk and yk are
defined for −3  k  n1 − 1, one can easily show that x−i1 = 0, for
i1 ∈ {1, 2, 3}. Thus, for every well-defined solutions of system (3), we
have that

xnyn = 0, n  −3, (7)

if and only if x−iy−i = 0, for i ∈ {1, 2, 3}. Now we give the following
theorem describing the form of well-defined solution of system (3).

Theorem 2.1. Let {(xn, yn)}n−3 be a well-defined solution of system
(3). Then, for m  −1 and i ∈ {1, 2}, we have that

x4m+2i = x2i−4

m

j=0


y−3

y−1

2
2j+i−1
s=0 α2s+1 + y−1x−2

2j+i−1
l=0 β2l+1

2j+i−1
s=l+1 α2s+1

2j+i
s=0 a2s + x−2y−3

2j+i
l=0 b2l

2j+i
s=l+1 a2s

×
2j+i−2
s=0 α2s+1 + y−1x−2

2j+i−2
l=0 β2l+1

2j+i−2
s=l+1 α2s+1

2j+i−1
s=0 a2s + x−2y−3

2j+i−1
l=0 b2l

2j+i−1
s=l+1 a2s

, (8)

x4m+2i−1 = x2i−5

m

j=0


x−1

x−3

2
2j+i−1
s=0 α2s + y−2x−3

2j+i−1
l=0 β2l

2j+i−1
s=l+1 α2s

2j+i−1
s=0 a2s+1 + x−1y−2

2j+i−1
l=0 b2l+1

2j+i−1
s=l+1 a2s+1

×
2j+i−2
s=0 α2s + y−2x−3

2j+i−2
l=0 β2l

2j+i−2
s=l+1 α2s

2j+i−2
s=0 a2s+1 + x−1y−2

2j+i−2
l=0 b2l+1

2j+i−2
s=l+1 a2s+1

, (9)
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y4m+2i = y2i−4

m

j=0


x−3

x−1

2
2j+i−1
s=0 a2s+1 + x−1y−2

2j+i−1
l=0 b2l+1

2j+i−1
s=l+1 a2s+1

2j+i
s=0 α2s + y−2x−3

2j+i
l=0 β2l

2j+i
s=l+1 α2s

×
2j+i−2
s=0 a2s+1 + x−1y−2

2j+i−2
l=0 b2l+1

2j+i−2
s=l+1 a2s+1

2j+i−1
s=0 α2s + y−2x−3

2j+i−1
l=0 β2l

2j+i−1
s=l+1 α2s

, (10)

y4m+2i−1 = y2i−5

m

j=0


y−1

y−3

2
2j+i−1
s=0 a2s + x−2y−3

2j+i−1
l=0 b2l

2j+i−1
s=l+1 a2s

2j+i−1
s=0 α2s+1 + y−1x−2

2j+i−1
l=0 β2l+1

2j+i−1
s=l+1 α2s+1

×
2j+i−2
s=0 a2s + x−2y−3

2j+i−2
l=0 b2l

2j+i−2
s=l+1 a2s

2j+i−2
s=0 α2s+1 + y−1x−2

2j+i−2
l=0 β2l+1

2j+i−2
s=l+1 α2s+1

, (11)

Proof. By considering (7) and applying the substitution
un = 1

xnyn−1
, vn = 1

ynxn−1
for n  −2, then system (3) reduce to the

following linear difference equations of order two

un = anun−2 + bn, vn = αnvn−2 + βn, n ∈ N0, (12)

In view of Lemma 1.2, for i ∈ {0, 1}, the general solutions of equations
in (12) are

u2m+i = ui−2

m

j=0

a2j+i +
m

l=0

b2l+i

m

j=l+1

a2j+i,

v2m+i = vi−2

m

j=0

α2j+i +
m

l=0

β2l+i

m

j=l+1

α2j+i, m ∈ N0. (13)

From the substitution un = 1
xnyn−1

, vn = 1
ynxn−1

for n  −2, we have
that

x2m+i =
v2m+i−1
u2m+i

v2m+i−3
u2m+i−2

x2(m−2)+i,

y2m+i =
u2m+i−1
v2m+i

u2m+i−3
v2m+i−2

y2(m−2)+i, m ∈ N0, (14)

where i ∈ {0, 1}, and consequently

x4m+j =
v4m+j−1
u4m+j

v4m+j−3
u4m+j−2

x4(m−1)+j , m ∈ N0

y4m+j =
u4m+j−1
v4m+j

u4m+j−3
v4m+j−2

y4(m−1)+j , m ∈ N0, (15)
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where j ∈ {0, 1, 2, 3}, as far as 4m+ j  1. From (15), we get that

x4m+l = xl−4

m

j=0

v4j+l−1
u4j+l

v4j+l−3
u4j+l−2

, y4m+l = yl−4

m

j=0

u4j+l−1
v4j+l

u4j+l−3
v4j+l−2

,

(16)
where m  −1 and l ∈ {1, 2, 3, 4}. Employing (13) in (16), we get
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for every m  −1, i ∈ {1, 2}. 
The forbidden set of the initial values for system (3) can be given in the
following theorem.

Theorem 2.2. Assume that an = 0, bn = 0, αn = 0, βn = 0, n ∈
N0. Then the domain of undefinable solutions of system (3) is the set
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for every m  −1, i ∈ {1, 2}. 
The forbidden set of the initial values for system (3) can be given in the
following theorem.

Theorem 2.2. Assume that an = 0, bn = 0, αn = 0, βn = 0, n ∈
N0. Then the domain of undefinable solutions of system (3) is the set
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×
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2j+i−1
s=0 α2s+1 + y−1x−2
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l=0 β2l+1

2j+i−2
s=l+1 α2s+1

for every m  −1, i ∈ {1, 2}. 
The forbidden set of the initial values for system (3) can be given in the
following theorem.

Theorem 2.2. Assume that an = 0, bn = 0, αn = 0, βn = 0, n ∈
N0. Then the domain of undefinable solutions of system (3) is the set
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F =


m∈N0

1

i=0


(x−3, x−2, x−1, y−3, y−2, y−1) ∈ R6 : xi−2yi−3 =

1
cm
,

yi−2xi−3 =
1
dm

,where cm := −
m

j=0

b2j+i
a2j+i

j−1

l=0

1
a2l+i

= 0,

dm := −
m

j=0

β2j+i
α2j+i

j−1

l=0

1
α2l+i

= 0


3

j=1


(x−3, x−2, x−1, y−3, y−2, y−1) ∈ R6 : x−j = 0, y−j = 0


.(17)

Proof. At the begining of Section 2, we have acquired that the set

3

j=1


(x−3, x−2, x−1, y−3, y−2, y−1) ∈ R6 : x−j = 0, y−j = 0


.

belongs to the forbidden set of the initial values for system (1.). Now, we
assume that xn = 0 and yn = 0. Note that the system (1.) is undefined,
when the conditions an+ bnxn−2yn−3 = 0 or αn+βnyn−2xn−3 = 0, that
is, xn−2yn−3 = −an

bn
or yn−2xn−3 = −αn

βn
, for some n ∈ N0, are satisfied

(Here we consider that bn = 0 and βn = 0 for every n ∈ N0). From this
and the substitution un = 1

xnyn−1
, vn = 1

ynxn−1
, we get

u2(m−1)+i = −
b2m+i
a2m+i

, v2(m−1)+i = −
β2m+i
α2m+i

(18)

for some m ∈ N0 and i ∈ {0, 1}. Hence, we can determine the forbidden
set of the initial values for system (1.) by using the substitution un =

1
xnyn−1

, vn = 1
ynxn−1

. Now, we consider the functions

f2m+i (t) : = a2m+it+ b2m+i,

g2m+i (t) : = α2m+it+ β2m+i, m ∈ N0, i ∈ {0, 1}, (19)

which correspond to the equations of (2.). From (2.) and (19), we can
write

u2m+i = f2m+i ◦ f2(m−1)+i ◦ · · · ◦ fi (ui−2) , (20)
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v2m+i = g2m+i ◦ g2(m−1)+i ◦ · · · ◦ gi (vi−2) , (21)

wherem ∈ N0, and i ∈ {0, 1}. By using (18) and implicit forms (20)-(21)
and considering f−12m+i (0) = − b2m+i

a2m+i
, g−12m+i (0) = − β2m+i

α2m+i
, for m ∈ N0

and i ∈ {0, 1}, we have

ui−2 = f−1i ◦ · · · ◦ f−12m+i (0) , vi−2 = g−1i ◦ · · · ◦ g−12m+i (0) , (22)

where f−12m+i (t) =
t−b2m+i

a2m+i
, g−12m+i (t) =

t−β2m+i

α2m+i
, m ∈ N0, i ∈ {0, 1}.

From (22), we obtain

ui−2 = −
m

j=0

b2j+i
a2j+i

j−1

l=0

1
a2l+i

, vi−2 = −
m

j=0

β2j+i
α2j+i

j−1

l=0

1
α2l+i

for some m ∈ N0 and i ∈ {0, 1}. This means that if one of the conditions
in (22) holds, then m-th iteration or (m+ 1)-th iteration in system (3)
can not be calculated. 

3. Case of Constant Coefficients

In this section, we examine the forms of solution and the long-term
behavior of the solution of system (3) for the case when an, bn, αn and
βn are constant, that is an = a, bn = b, αn = α and βn = β, for every
n ∈ N0. Then, the system (3) becomes

xn =
xn−2yn−3

yn−1 (a+ bxn−2yn−3)
, yn =

yn−2xn−3
xn−1 (α+ βyn−2xn−3)

, n ∈ N0.

(23)
We start the following theorem describing the form of well-defined solu-
tion of system (23).

Theorem 3.1. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Then, for m  −1 and i ∈ {1, 2}, we get that
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x4m+2i = x2i−4

m

j=0


y−3

y−1

2  1− a

1− α

2 α2j+i ((1− α)− y−1x−2β) + y−1x−2β

a2j+i+1 ((1− a)− x−2y−3b) + x−2y−3b

×α2j+i−1 ((1− α)− y−1x−2β) + y−1x−2β

a2j+i ((1− a)− x−2y−3b) + x−2y−3b
,

x4m+2i−1 = x2i−5

m

j=0


x−1

x−3

2  1− a

1− α

2 α2j+i ((1− α)− y−2x−3β) + y−2x−3β

a2j+i ((1− a)− x−1y−2b) + x−1y−2b

×α2j+i−1 ((1− α)− y−2x−3β) + y−2x−3β

a2j+i−1 ((1− a)− x−1y−2b) + x−1y−2b
,

y4m+2i = y2i−4

m

j=0


x−3

x−1

2  1− α

1− a

2 a2j+i ((1− a)− x−1y−2b) + x−1y−2b

α2j+i+1 ((1− α)− y−2x−3β) + y−2x−3β

×a2j+i−1 ((1− a)− x−1y−2b) + x−1y−2b

α2j+i ((1− α)− y−2x−3β) + y−2x−3β
,

y4m+2i−1 = y2i−5

m

j=0


y−1

y−3

2  1− α

1− a

2 a2j+i ((1− a)− x−2y−3b) + x−2y−3b

α2j+i ((1− α)− y−1x−2β) + y−1x−2β

× a2j+i−1 ((1− a)− x−2y−3b) + x−2y−3b

α2j+i−1 ((1− α)− y−1x−2β) + y−1x−2β
,

when a = 1 = α, and

x4m+2i = x2i−4

m

j=0


y−3

y−1

2 1 + y−1x−2β(2j + i)

1 + x−2y−3b(2j + i+ 1)

1 + y−1x−2β(2j + i− 1)
1 + x−2y−3b(2j + i)

,

x4m+2i−1 = x2i−5

m

j=0


x−1

x−3

2 1 + y−2x−3β(2j + i)

1 + x−1y−2b(2j + i)

1 + y−2x−3β(2j + i− 1)
1 + x−1y−2b(2j + i− 1)

,

y4m+2i = y2i−4

m

j=0


x−3

x−1

2 1 + x−1y−2b(2j + i)

1 + y−2x−3β(2j + i+ 1)

1 + x−1y−2b(2j + i− 1)
1 + y−2x−3β(2j + i)

,

y4m+2i−1 = y2i−5

m

j=0


y−1

y−3

2 1 + x−2y−3b(2j + i)

1 + y−1x−2β(2j + i)

1 + x−2y−3b(2j + i− 1)
1 + y−1x−2β(2j + i− 1)

,

when a = 1 = α.

Proof. By using Lemma 1.2 and Theorem 2.1, we can easily obtain the
general solution of system (23). 
Now, the long-term behavior of well-defined solution of system (23) can
be given in the following theorems.

Theorem 3.2. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that a = −1, α = −1, bβ = 0. Then the following results
are true.
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(a) If |a| > 1, y−1x−2 = 1−α
β = y−2x−3, x−1y−2 = 1−a

b = x−2y−3, then
xn → 0 and |yn| → ∞, as n→∞.

(b) If |α| > 1, x−1y−2 = 1−a
b = x−2y−3, y−1x−2 = 1−α

β = y−2x−3, then
|xn| → ∞ and yn → 0, as n→∞.

(c) If | aα | > 1, x−1y−2 =
1−a
b = x−2y−3, y−1x−2 = 1−α

β = y−2x−3, then
xn → 0 and |yn| → ∞, as n→∞.

(d) If | aα | < 1, x−1y−2 =
1−a
b = x−2y−3, y−1x−2 = 1−α

β = y−2x−3, then
|xn| → ∞ and yn → 0, as n→∞.

(e) If x−3 = x−1, y−3 = y−1; b = β, x−1y−2 = 1−a
b = x−2y−3,

y−1x−2 = 1−α
β = y−2x−3, or a = α = 0, b = β, then x4m+j = xj−4

and y4m+j = yj−4, m ∈ N0,
j = 1, 4.

(f) If a = α = 1, x−1 = x−3, y−1 = y−3, b = β, then the sequences
x4m+2i−1 = x2i−5, y4m+2i−1 = y2i−5 and (x4m+2i)m∈N0

,
(y4m+2i)m∈N0

converge for every i ∈ {1, 2}.

Proof. Suppose that

p
2i
m =


y−3

y−1

2 
1− a

1− α

2

×
α2m+i �

(1− α)− y−1x−2β

+ y−1x−2β

a2m+i+1
�
(1− a)− x−2y−3b


+ x−2y−3b

α2m+i−1 �
(1− α)− y−1x−2β


+ y−1x−2β

a2m+i
�
(1− a)− x−2y−3b


+ x−2y−3b

,(24)

p
2i−1
m =


x−1

x−3

2 
1− a

1− α

2

×
α2m+i �

(1− α)− y−2x−3β

+ y−2x−3β

a2m+i
�
(1− a)− x−1y−2b


+ x−1y−2b

α2m+i−1 �
(1− α)− y−2x−3β


+ y−2x−3β

a2m+i−1 �
(1− a)− x−1y−2b


+ x−1y−2b

, (25)

q
2i
m =


x−3

x−1

2 
1− α

1− a

2

×
a2m+i �

(1− a)− x−1y−2b

+ x−1y−2b

α2m+i+1
�
(1− α)− y−2x−3β


+ y−2x−3β

a2m+i−1 �
(1− a)− x−1y−2b


+ x−1y−2b

α2m+i
�
(1− α)− y−2x−3β


+ y−2x−3β

,(26)

and

q
2i−1
m =


y−1

y−3

2 
1− α

1− a

2

×
a2m+i �

(1− a)− x−2y−3b

+ x−2y−3b

α2m+i
�
(1− α)− y−1x−2β


+ y−1x−2β

a2m+i−1 �
(1− a)− x−2y−3b


+ x−2y−3b

α2m+i−1 �
(1− α)− y−1x−2β


+ y−1x−2β

, (27)
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for m  −1, i ∈ {1, 2}.
(a) If |a| > 1, y−1x−2 = 1−α

β = y−2x−3, x−1y−2 = 1−a
b = x−2y−3, from

(24), (25), (26) and (27), we have that

lim
m→∞

p2im = lim
m→∞

p2i−1m = 0, (28)

lim
m→∞

|q2im| = lim
m→∞

|q2i−1m | =∞. (29)

The results follow from (28) and (29) and Theorem 3.1.
(b) If |α| > 1, x−1y−2 = 1−a

b = x−2y−3, y−1x−2 = 1−α
β = y−2x−3, from

(24), (25), (26) and (27), we get that

lim
m→∞

|p2im| = lim
m→∞

|p2i−1m | =∞, (30)

lim
m→∞

q2im = lim
m→∞

q2i−1m = 0. (31)

The statemant follows easily from (30), (31) and Theorem 3.1.
(c) If | aα | > 1, x−1y−2 = 1−a

b = x−2y−3, y−1x−2 = 1−α
β = y−2x−3, from

(24), (25), (26) and (27), we have

lim
m→∞

p2im = lim
m→∞

p2i−1m = 0, (32)

lim
m→∞

|q2im| = lim
m→∞

|q2i−1m | =∞. (33)

The results can be seen easily from (32), (33) and Theorem 3.1.
(d) If | aα | < 1, x−1y−2 = 1−a

b = x−2y−3, y−1x−2 = 1−α
β = y−2x−3, from

(24), (25), (26) and (27), we have

lim
m→∞

|p2im| = lim
m→∞

|p2i−1m | =∞, (34)

lim
m→∞

q2im = lim
m→∞

q2i−1m = 0. (35)

From (34), (35) and Theorem 3.1, the statement easily follows.
(e) If x−3 = x−1, y−3 = y−1; b = β, x−1y−2 = 1−a

b = x−2y−3,
y−1x−2 = 1−α

β = y−2x−3, or a = α = 0, b = β, the result follows from
direct calculations and formulas in Theorem 3.1.
(f) Suppose that

r2im =

y−3
y−1

2 1 + y−1x−2β(2m+ i)
1 + x−2y−3b(2m+ i+ 1)

1 + y−1x−2β(2m+ i− 1)
1 + x−2y−3b(2m+ i)

,

(36)
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r2i−1m =

x−1
x−3

2 1 + y−2x−3β(2m+ i)
1 + x−1y−2b(2m+ i)

1 + y−2x−3β(2m+ i− 1)
1 + x−1y−2b(2m+ i− 1)

, (37)

s2im =

x−3
x−1

2 1 + x−1y−2b(2m+ i)
1 + y−2x−3β(2m+ i+ 1)

1 + x−1y−2b(2m+ i− 1)
1 + y−2x−3β(2m+ i)

,

(38)
and

s2i−1m =

y−1
y−3

2 1 + x−2y−3b(2m+ i)
1 + y−1x−2β(2m+ i)

1 + x−2y−3b(2m+ i− 1)
1 + y−1x−2β(2m+ i− 1)

, (39)

for i ∈ {1, 2}. Employing the Taylor expansion for (1 + x)−1 in (36) and
(38) and from (37) and (39), we get, for each i ∈ {1, 2},

r2im =
1 + y−1x−2b(2m+ i)

1 + x−2y−1b(2m+ i+ 1)
1 + y−1x−2b(2m+ i− 1)
1 + x−2y−1b(2m+ i)

=

1− 1

2m
+O


1
m2


1− 1

2m
+O


1
m2



= 1− 1
m
+O


1
m2


, (40)

for sufficiently large m,

r2i−1m =
1 + y−2x−1b(2m+ i)
1 + x−1y−2b(2m+ i)

1 + y−2x−1b(2m+ i− 1)
1 + x−1y−2b(2m+ i− 1)

= 1, (41)

s2im =
1 + x−1y−2b(2m+ i)

1 + y−2x−1b(2m+ i+ 1)
1 + x−1y−2b(2m+ i− 1)
1 + y−2x−1b(2m+ i)

=

1− 1

2m
+O


1
m2


1− 1

2m
+O


1
m2



= 1− 1
m
+O


1
m2


(42)

for sufficiently large m, and

s2i−1m =
1 + x−2y−1b(2m+ i)
1 + y−1x−2b(2m+ i)

1 + x−2y−1b(2m+ i− 1)
1 + y−1x−2b(2m+ i− 1)

= 1. (43)
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By considering (41), (43) and from (40), (42) and the relationsn
j=1(1/j)→∞ as n→∞, the results easily follow. 

Theorem 3.3. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that a = α = −1, x−1 = x−3, y−1 = y−3, b = β = 0. Then,
{(xn, yn)}n−3 is four-periodic.

Proof. From assumption of this theorem and Theorem 3.1, we have that

x4m+2i = x2i−4

m

j=0

(−1)2j+i �
2− y−1x−2β


+ y−1x−2β

(−1)2j+i+1 �
2− x−2y−3b


+ x−2y−3b

(−1)2j+i−1 �
2− y−1x−2β


+ y−1x−2β

(−1)2j+i
�
2− x−2y−3b


+ x−2y−3b

= x2i−4

m

j=0

(−1)2j+i �
2− y−1x−2b


+ y−1x−2b

(−1)2j+i+1 �
2− x−2y−1b


+ x−2y−1b

(−1)2j+i−1 �
2− y−1x−2b


+ y−1x−2b

(−1)2j+i
�
2− x−2y−1b


+ x−2y−1b

= x2i−4, (44)

x4m+2i−1 = x2i−5

m

j=0

(−1)2j+i �
2− y−2x−3β


+ y−2x−3β

(−1)2j+i
�
2− x−1y−2b


+ x−1y−2b

(−1)2j+i−1 �
2− y−2x−3β


+ y−2x−3β

(−1)2j+i−1 �
2− x−1y−2b


+ x−1y−2b

= x2i−5

m

j=0

(−1)2j+i �
2− y−2x−1b


+ y−2x−1b

(−1)2j+i
�
2− x−1y−2b


+ x−1y−2b

(−1)2j+i−1 �
2− y−2x−1b


+ y−2x−1b

(−1)2j+i−1 �
2− x−1y−2b


+ x−1y−2b

= x2i−5, (45)

y4m+2i = y2i−4

m

j=0

(−1)2j+i �
2− x−1y−2b


+ x−1y−2b

(−1)2j+i+1 �
2− y−2x−3β


+ y−2x−3β

(−1)2j+i−1 �
2− x−1y−2b


+ x−1y−2b

(−1)2j+i
�
2− y−2x−3β


+ y−2x−3β

= y2i−4

m

j=0

(−1)2j+i �
2− x−1y−2b


+ x−1y−2b

(−1)2j+i+1 �
2− y−2x−1b


+ y−2x−1b

(−1)2j+i−1 �
2− x−1y−2b


+ x−1y−2b

(−1)2j+i
�
2− y−2x−1b


+ y−2x−1b
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for m  −1 and i ∈ {1, 2}. From (44)-(47), the result easily follows. 

Theorem 3.4. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that aα = 0, a = α, b = β = 0, x−1 = x−3, y−1 =
y−3. Then, the following results are true.

(a) If |a| > 1, then x4m+2i → 0 and y4m+2i → 0, for i ∈ {1, 2}, as
m→∞.
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By considering (41), (43) and from (40), (42) and the relationsn
j=1(1/j)→∞ as n→∞, the results easily follow. 

Theorem 3.3. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that a = α = −1, x−1 = x−3, y−1 = y−3, b = β = 0. Then,
{(xn, yn)}n−3 is four-periodic.

Proof. From assumption of this theorem and Theorem 3.1, we have that
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for m  −1 and i ∈ {1, 2}. From (44)-(47), the result easily follows. 

Theorem 3.4. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that aα = 0, a = α, b = β = 0, x−1 = x−3, y−1 =
y−3. Then, the following results are true.

(a) If |a| > 1, then x4m+2i → 0 and y4m+2i → 0, for i ∈ {1, 2}, as
m→∞.
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By considering (41), (43) and from (40), (42) and the relationsn
j=1(1/j)→∞ as n→∞, the results easily follow. 

Theorem 3.3. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that a = α = −1, x−1 = x−3, y−1 = y−3, b = β = 0. Then,
{(xn, yn)}n−3 is four-periodic.

Proof. From assumption of this theorem and Theorem 3.1, we have that

x4m+2i = x2i−4
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y4m+2i−1 = y2i−5

m

j=0

(−1)2j+i �
2− x−2y−3b


+ x−2y−3b

(−1)2j+i
�
2− y−1x−2β


+ y−1x−2β

(−1)2j+i−1 �
2− x−2y−3b


+ x−2y−3b

(−1)2j+i−1 �
2− y−1x−2β


+ y−1x−2β

= y2i−5

m

j=0

(−1)2j+i �
2− x−2y−1b


+ x−2y−1b

(−1)2j+i
�
2− y−1x−2b


+ y−1x−2b

(−1)2j+i−1 �
2− x−2y−1b


+ x−2y−1b

(−1)2j+i−1 �
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for m  −1 and i ∈ {1, 2}. From (44)-(47), the result easily follows. 

Theorem 3.4. Let {(xn, yn)}n−3 be a well-defined solution of system
(23). Assume that aα = 0, a = α, b = β = 0, x−1 = x−3, y−1 =
y−3. Then, the following results are true.

(a) If |a| > 1, then x4m+2i → 0 and y4m+2i → 0, for i ∈ {1, 2}, as
m→∞.
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(b) If |a| < 1, |x4m+2i| → ∞ and |y4m+2i| → ∞, for i ∈ {1, 2}, as
m→∞.

(c) If a = 1, {(xn, yn)}n−3 is four-periodic,

(d) If a = −1, {(xn, yn)}n−3 is four-periodic.

Proof. From assumption of this theorem and Theorem 3.1, we have that

x4m+2i = x2i−4

m

j=0

(1− a)a2j+i

(1− a)a2j+i+1
(1− a)a2j+i−1

(1− a)a2j+i

= x2i−4

m

j=0

1
a2

, (48)

x4m+2i−1 = x2i−5

m

j=0

(1− a)a2j+i

(1− a)a2j+i
(1− a)a2j+i−1
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= x2i−5, (49)

y4m+2i = y2i−4

m

j=0

(1− a)a2j+i

(1− a)a2j+i+1
(1− a)a2j+i−1

(1− a)a2j+i

= y2i−4

m

j=0

1
a2

, (50)

y4m+2i−1 = y2i−5

m

j=0

(1− a)a2j+i

(1− a)a2j+i
(1− a)a2j+i−1

(1− a)a2j+i−1

= y2i−5. (51)

From (48)-(51) the results in (a), (b) and (d) can be seen easily. From
Theorem 3.1 and the assumption of this theorem, the statement (c)
easily follow. 
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