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Abstract: Nowadays, hyperchaotic system (HCSs) have been started to be used in engineering applications because
they have complex dynamics, randomness, and high sensitivity. For this purpose, HCSs with different features have
been introduced in the literature. In this work, a new HCS with a single discontinuous nonlinearity is introduced and
analyzed. The proposed system has one saddle focus equilibrium. When the dynamic properties and bifurcation graphics
of the system are analyzed, it is determined that the proposed system exhibits the complex phenomenon of multistability.
Moreover, analog electronic circuit design of the proposed system is performed with positive second-generation current
conveyor. In addition, an encryption circuit is designed to demonstrate that the proposed system can be used in various
engineering applications.

Key words: Hyperchaos, single nonlinearity, multistability, second-generation current conveyor, encryption, electronic
circuit design

1. Introduction
Hyperchaos has gained importance in communication technologies because of its complex dynamics, randomness,
and high sensitivity since from the first known hyperchaotic system was proposed by Rossler [1–3]. Having at
least 4 dimensions and at least two unstable directions are important features of hyperchaotic systems (HCS).
The randomness and unpredictable nature of HCS are more compared to the general chaotic systems (CSs).
Thus, HCSs are useful for engineering applications such as chaos-based cryptography [4, 5] and image encryption
[6, 7]. Recently, many new HCSs with various features have been proposed in the literature [8, 9]. These HCSs
are as follows: systems without equilibrium points [10, 11], systems with parameter controlled equilibrium
points (chameleon) [12], systems with fractional order terms [13], and systems with higher orders [14]. From
the literature review given in Table 1, we can clearly see the challenges in HCSs during implementation and the
number of nonlinear terms affects the performance of the circuit.

In the literature, conventional operational amplifier (OPAMP) devices have been usually used in analog
electronic designs for chaotic systems [15–23]. An OPAMP is a voltage-mode electronic device. The gain-
bandwidth product of the OPAMP devices is fixed. Therefore, OPAMP devices have limitations for gain or
∗Correspondence: serdarcicek@gmail.com
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Table 1. Comparison of the proposed hyperchaotic system with other hyperchaotic systems in the literature.

References System description Special properties Circuit implementation

Barbouza et al., 2008, [40] 4D hyperchaotic system
with 4 nonlinear terms

There are no special
properties identified

Circuit implementation
done through OPAMP

Wei et al., 2017, [41] 5D Hyperchaotic system
with 5 nonlinear terms

Coexistence of
attractors

Real-time circuit implementation
done through OPAMP

Jia 2007, [42] Hyperchaotic system
with 4 nonlinear terms

No special properties
discussed

There is no circuit
implementation

Feng et al., 2015, [43] Hyperchaotic system
with 4 nonlinear terms

No special properties
discussed

Circuit implementation
done through OPAMP

Zheng et al., 2010, [44] Hyperchaotic system
with 4 nonlinear terms No special properties There is no circuit

implementation

Wen-Bo et al., 2011, [45] Hyperchaotic system
with 4 nonlinear terms

Multiscroll property
identified

Real-time circuit implementation
done through OPAMP

Yu et al., 2007, [46] Hyperchaotic system
with 4 nonlinear terms

Multiscroll property
identified

Circuit implementation is done
through the DSP method.

Chen et al., 2011, [47] Hyperchaotic system
with single nonlinear term

No special properties
identified

Circuit implantation
is not done

Zhou et al., 2011, [48] Hyperchaotic system
with single nonlinear term

No special properties
identified

Circuit implementation
is done through EWB.

Yu et al., 2020, [49] 6D hyperchaotic system
with 5 nonlinear terms

Multiple coexisting
attractors identified

Circuit implementation
is done through FPGA

Singh and Roy, 2015, [50] 4D hyperchaotic system
with 3 nonlinear terms

No special properties
identified

Real-time circuit implementation
done through OPAMP

Yu et al., 2020, [51] Modified Chua’s
chaotic circuit

Multistability property
identified

Circuit implementation
through CCII+

This study 4D hyperchaotic system
with single nonlinear term

Multistability property
identified.

Circuit implementation
done through CCII+

operating frequency. Moreover, OPAMPs’ slew-rate value is low, dynamic operating range is limited, and
power consumption is high [24]. In contrast to these disadvantages of OPAMPs, current-conveyor active devices
have the following advantages: bandwidth independent of gain, better frequency performance, higher slew-
rate value, better dynamic characteristics, lower power consumption and better integration with integrated
circuit technology [24–28]. Due to these advantages of current-conveyor active devices such as operational
transconductance amplifiers, current feedback operational amplifiers, unity-gain cells, second-generation current
conveyors (CCII) have started to be used in electronic circuit designs for CS [26–30]. In this study, electronic
circuit schematic of the proposed new HCS with single nonlinearity is designed based on the positive CCII
(CCII+) active devices due to the specified advantages for use in various engineering designs.

As a result of the above discussions, we proposed a new HCS with one nonlinear term. There are only
two studies in the literature about single nonlinearity-based hyperchaotic system [31, 32]. However, coexisting
attractors and multistability in a single nonlinearity-based hyperchaotic system have not been discussed earlier.
Hence, we propose a hyperchaotic system with single nonlinearity and multistability. In addition, an analog
design is performed with CCII+ to indicate that the introduced HCS can be used in various engineering
applications. The advantage of the proposed HCS is simplicity in structure as well as holding complex special
properties, and more importantly, easy & effective implementation.

In Section 2, we introduce and analyze a novel hyperchaotic system (NHS) with single nonlinearity. In
Section 3, we present electronic circuit design and results based on positive second-generation current conveyor
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device of the novel hyperchaotic system with single nonlinearity for use in real engineering applications. In
Section 4, we design an encryption application to demonstrate the use of the proposed NHS in practical
engineering applications. Lastly, our conclusions are given in Section 5.

2. A novel hyperchaotic system (NHS) with single nonlinear term

We introduced a new HCS with a single nonlinearity (1) which is a signum discontinuous function. There are
no such systems in the literature which can show hyperchaos. The proposed novel HCS is simple according to
the number of linear or nonlinear terms as compared with the other similar type of HCS highlighted in Table 1.
Hence, it meets one of the criteria for notifying a new chaotic system as described in [33].

ẋ = a1x+ a2y

ẏ = a3x+ a4yzsgn(z)

ż = a5y + a6z + a7w

ẇ = a8z + a9w + a10x

(1)

where x− y − z − w are state variables and from a1 to a10 are parameters of the system (1)

The only equilibrium point of the system (1) is the origin O. In order to facilitate linearization easier, the
nondifferentiable sgn function is replaced by differentiable hyperbolictan function for a smooth approximation.
The signum function can be replaced by continuous equivalents sgn(z) ≈ tanh(nz) , where n is a large constant
(refer to Figure 1). We found that when n is small, the hyperbolic tangent is far from the signum function and
when n is a large number, the hyperbolic tangent is nearly equal to the signum function and plotted the same
in Figure 1. Thus, we choose n = 100 for further analysis.
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tanh(10z)

tanh(20z)

tanh(50z)

tanh(100z)

Figure 1. The comparison graph showing that the signum function and the hyperbolic tangent function can be used
interchangeably.

For this reason, tanh(100z) expression is taken instead of sgn(z) expression. The matrix of Jacobian at
equilibrium O is

J0 =


a1 a2 0 0
a3 0 0 0
0 a5 a6 a7
a10 0 a8 a9

 (2)
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The characteristic polynomial of the NHS is

λ4−(a1+a6+a9)λ
3+(a1a6−a2a3+a1a9+a6a9−a7a8)λ

2+)a2a3a6+a2a3a9−a1a6a9+a1a7a8)λ−a2a3a6a9+a2a3a7a8

(3)
If the Routh–Hurwitz criterion is examined as the stability criterion, all minors have to be positive to be

stable. Here δi for i ∈ [0, 4] are the coefficients of the characteristic equation with δ0 being the coefficient of
λ4 . From (3)

δ0 = 1;

δ1 = −(a1 + a6 + a9)

δ2 = (a1a6 − a2a3 + a1a9 + a6a9 − a7a8)

δ3 = (a2a3a6 + a2a3a9 − a1a6a9 + a1a7a8)

δ4 = −a2a3a6a9 + a2a3a7a8

(4)

The minors are,

∆1 = δ1 > 0, ∆2 =

∣∣∣∣δ1 δ0
δ3 δ2

∣∣∣∣ > 0,∆3 =

∣∣∣∣∣∣
δ1 δ0 0
δ3 δ2 δ1
0 δ4 δ3

∣∣∣∣∣∣ > 0, ∆4 =

∣∣∣∣∣∣∣∣
δ1 δ0 0 0
δ3 δ2 δ1 δ0
0 δ4 δ3 δ2
0 0 0 δ4

∣∣∣∣∣∣∣∣ > 0 (5)

Various combinations of parameters were tried using computer search algorithm (forward continuation
method) and the system’s parameters values were found in this way. In this way, the values of the obtained
parameters for the system are given in Eq. (6).

a1 = 0.75; a2 = −1.2; a3 = 1; a4 = −0.1; a5 = −1;

a6 = −1.2; a7 = −5; a8 = 1; a9 = 0.8; a10 = −0.1
(6)

The dimension of Kaplan–Yorke of the NHS (1) was obtained as DKY = 3.2 . The eigen values of the
NHS for parameter values as in (5) are λ1,2 = 0.35 ± 1.038i , λ3,4 = −0.2 ± 2i , which indicates that the
equilibrium is a saddle focus. Moreover, the principal minors (4) are ∆1 = −0.3 ; ∆2 = 0.86 ; ∆3 = −2.46 ;
∆4 = −11.91 . As the minors are negative, the equilibrium is unstable. The initial values were taken as
(x0 = 0.1, y0 = 0.1, z0 = 0.1, w0 = 0.1) . In Figure 2, the phase characterization of the NHS is given for the
parameters as given in (6).

The bifurcation-diagrams are derived to investigate the dynamic behavior of the NHS for changes in
parameter values. The parameter a1 is considered to be the control variable while the other variable is kept to
the related values as in (6). Forward continuation method is used to find the parameter range, we concentrated
the parameter value which shows limit cycle and progress to unbounded case. The bifurcation-diagram of NHS
is given in Figure 2. Also seen in Figure 2 that the NHS has chaotic oscillations for 0.674 ≤ a1 ≤ 0.75 and is
unbounded when a1 > 0.75 . Moreover, the NHS shows a wider tori region for 0.42 ≤ a1 ≤ 0.674 .

In order to search the multistability nature of the proposed system, we were provided the bifurcation plots
using forward continuation. The parameter value is increased with reinitializing the initial values to the end. In
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Figure 2. Phase characterization of the NHS for the parameters as in (6) with initial values (x0 = 0.1, y0 = 0.1, z0 =
0.1, w0 = 0.1) (a) for x -versus-y state variables, (b) for x -versus-z state variables, (c) for x -versus-w state variables,
(d) for y -versus-z state variables, (e) for y -versus-w state variables, (f) for z -versus-w state variables.

addition, backward continuation, which is similar to forward continuation except the parameter, is decreased.
Figure 4a shows forward (blue) and backward (red) plots with the respective LEs shown in Figures 4b (forward)
and 4c (backward). The NHS shows several coexisting limit cycles and tori between 0.42 ≤ a1 ≤ 0.6379 and
shows coexisting limit cycle with hyperchaotic attractor for 0.7138 ≤ a1 ≤ 0.7215 . Coexisting hyperchaotic
attractors are seen in the range of 0.7216 ≤ a1 ≤ 0.7328 . Lyapunov exponents (LEs) were computed using the
Wolfs algorithm [34]. The LEs were calculated as L1 = 0.097 , L2 = 0.023 , L3 = 0 , and L4 = −0.548 . The
LEs signs are (+,+, 0,−) and confirm that the system has hyperchaotic behavior.
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Figure 3. Bifurcation diagram of NHS with parameter a1 to observe chaotic regions with the initial condition
(x0 = 0.1, y0 = 0.1, z0 = 0.1, w0 = 0.1) .
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Figure 4. Bifurcation diagram and Lyapunov exponents graphs of NHS to observe chaotic regions (a) forward progression
(blue) and backward progression (red) for parameter a1 , (b) the LEs for forward progression for parameter a1 , (c) the
LEs for backward progression for parameter a1 . The initial values for the first iteration in both forward and backward
progression are taken as (x0 = 0.1, y0 = 0.1, z0 = 0.1, w0 = 0.1) .

3. Electronic circuit design of the NHS based on CCII± components

The electronic circuit design was realized based on current conveyor of the novel HCS for use in real engineering
applications such as cryptography and communication [35–37]. CCII+ is used as a current conveyor in the
design. CCII was presented in 1970 by Sedra and Smith in the literature [38]. The general structure of the
CCII± is given in Figure 5. The mathematical model of CCII± is as in Eq. (7). In Eq. (7), ± symbol refers
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to the type of CCII. If the symbol is “+”, it denotes positive CCII (CCII+), and if the symbol is “-”, it denotes
negative CCII ( CCII-) [38, 39].

Vy

Vx

Vz

İy

İ x

İz
CCII± 

Y

X

Z

Figure 5. General structure of a CCII± device.

In the design, AD844 integrated circuit (IC) with current-feedback architecture is used as CCII+. The
maximum output voltages of NHS state variables are about ±40 V. However, the maximum operating voltage
of the AD844 IC is ±18 V. For this reason, state variables and initial conditions of the system are scaled by
15 as given in Eq. (8). The new names of state variables of the scaled NHS were given as p, q, r, s . Values of
initial conditions of the NHS were taken as p0 = 0.0067 , q0 = 0.0067 , r0 = 0.0067 , s0 = 0.0067 .

 iy
Vx

iz

 =

0 0 0
1 0 0
0 ±1 0

Vy

ix
Vz

 (7)



p = x
15 ⇒ ṗ = ẋ

15 ,

q = y
15 ⇒ q̇ = ẏ

15 ,

r = z
15 ⇒ ṙ = ż

15 ,

s = s
15 ⇒ ṡ = ṡ

15

(8)

The equation for the scaled system is obtained as:

ṗ = a1p+ a2q
q̇ = a3p+ 15a4qrsgn(15r)

ṙ = a5q + a6r + a7s
ṡ = a8r + a9s+ a10p

(9)

The analog electronic schematic of the system (9) using CCII+s is given in Figure 6. The components
used in the circuit consist of: twenty-two AD844 ICs, two AD633/ADmultiplier ICs, four condensers, and
twenty-four resistors. The passive component values are as follows: C1 = C2 = C3 = C4 = 400nF,R1 = R13 =

R15 = R18 = R23 = 2kΩ , R2 = 1.25kΩ , R3 = R16 = 1.6kΩ , R4 = R7 = R14 = R19 = R24 = 1kΩ , R5 = 425Ω ,
R6 = 5kΩ , R8 = 19kΩ , R9 = 15kΩ , R10 = 1.45kΩ , R11 = 110Ω , R12 = R20 = 1.82kΩ , R17 = 370Ω ,
R21 = 2.42kΩ , R22 = 19.6kΩ . The system is powered by ±15 Vdc power supply.

The state variable (p, q, r, s) values and the phase characterization of the analog electronic circuit design
(Figure 6) are given in Figures 7 and 8, respectively. If Figures 2 and 8 are investigated together, it is seen
that the circuit design outputs and numerical analysis results confirm each other. According to this result, the
designed analog electronic circuit can be used in various engineering designs.
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Figure 6. The electronic circuit design using CCII+s of the introduced NHS (9) for real engineering applications.
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Figure 8. The phase characterization of the analog electronic circuit design using CCII+s of system (9) (a) for p − q
state variables, (b) for p− r state variables, (c) for p− s state variables, (d) for q− r state variables, (e) for q− s state
variables, (f) for r − s state variables.
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4. Encryption application using the NHS

The introduced NHS can be used in applications such as chaos-based random number generator, chaos-based
encryption, and chaos-based communication. In this context, an encryption design has been applied to demon-
strate the use of the NHS in practical engineering applications. In the encryption application design, the output
of state variable s is used as aperiodic information signal m to be encrypted. State variable r is used for en-
cryption. The analog electronic circuit of the designed encryption application is given in Figure 9. Using the
LM339 OPAMP ICs as a comparator, these two state variable outputs are converted to 1 (+ 5V) and 0 (0V)
digital information. The information signal (m) and the chaotic signal (r ) are processed XOR operation with
each other to encrypt the information signal using by 7486 IC. An example of the information signal (m) with
the encrypted signal (e) obtained from the circuit output is given in Figure 10.

Vp

Vp

Vp

m

m

e

0

0 0

0 0

(Fig. 5)
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+
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R26

10k

R25

10k

Figure 9. The analog electronic circuit of the designed encryption application using the introduced NHS.

The measure of the relationship between two variables can be determined by its covariance (Cov ). For
the relationship between two variables, the correlation coefficient (ρ) is used as a standard measure that is
not affected by the change in measurement unit. The correlation coefficient is calculated as in Eq. (10) with
the variance (V ar ) and the covariance of the two variables. The relation of two variables decreases as the
correlation coefficient is closer to zero. The circuit in Figure 9 is run in Orcad-Pspice program and output
values (m and e) is saved in the file. The correlation coefficient between the information signal (m) and the
encrypted signal (e) is 0.0078 . This shows that there is no significant relationship between the information
signal and the encrypted signal.

ρ(x, y) =
Cov(x, y)√

V ar(x)V ar(y)
(10)
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Figure 10. The sample of information and encrypted signals obtained from the circuit of designed encryption application
in Figure 9.

5. Conclusion

In this study a novel HCS with a single nonlinear function is proposed. The simplicity in structure is highlighted
and diverse dynamical behaviors such as the Eigen values, equilibrium points, stability, and LEs are analyzed.
The hyperchaos is determined by finding two positive Lyapunov exponents. We used Wolf’s algorithm to
determine Lyapunov exponents. In order to show the complete dynamics of the system for parameter variation,
we derived bifurcation diagrams and various limit cycle and attractor regions identified and discussed. We
used forward–backward progression, and the multistable behavior of the system is identified and presented. We
highlighted the advantages of the CCII+ method for the analog electronic circuit design and performed the
same for the proposed HCS to show the easiness and effectiveness in real engineering applications. Moreover,
an encryption design has been applied to demonstrate the use of the NHS in practical engineering applications.
The correlation coefficient between the information signal and the encrypted signal is 0.0078 . As a result, the
information signal has been successfully encrypted.

Similarly, random number generators (RNGs) application can be designed using the NHS. RNGs are
important in cryptology, encryption, communication, and metaheuristic algorithm applications. Because chaotic
signals are aperiodic, it can give good results to use in random number generation or encryption. However,
using chaotic signals alone is not always successful in generating random numbers or encryption. Therefore, it
may be necessary to use various preprocesses to increase the effect of chaotic signal. The preprocess method
should be determined according to the characteristics of the used chaotic signal. Otherwise, using only chaotic
signals without preprocess may not always give successful results.
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